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ABSTRACT
In this paper, we compute the number of fuzzy subgroups of an abelian group

_@322 when n=1, 2, 3 and 4 by using the subgroups lattice of it .Also we construct
=

the diagram of subgroups lattice of _®122, n=1, 2, 3 and 4.
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INTRODUCTION

he study of fuzzy algebraic structures was started with the introduction of

the concept of fuzzy subgroups by Rosenfeld in 1971 [5]. Without any

equivalence relation on fuzzy subgroups of group G, the number of fuzzy
subgroups is infinite, even for the trivial group {e}. Some authors have used the
equivalence relation of fuzzy sets to study the equivalence of fuzzy subgroups ([1],
[2], [3], and [9]). All of them have treated the particular case of finite Abelian
group. It is interesting to count the number of fuzzy subgroups of nonabelian
groups and construct them. Laszlo in [1] has studied the construction of fuzzy
subgroup of a group of order one to six. Sulaiman and Abd Ghafur in [6] have
counted the number of fuzzy subgroups of nonabelian symmetric groups S,, S; and
alternating group Ay4. In the other paper, they [8] have counted the number of fuzzy
subgroups of group defined by a presentation. In this paper we compute the number

of fuzzy subgroups of an abelian group@lzz, for all n=1, 2, 3 and 4 by using the

subgroups lattice, and we construct the diagram of subgroups lattice of it.
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BASIC DEFINITIONS AND RESULTS OF FUZZY SUBGROUPS

We recall some definitions and results that will be used later.
Definition 2.1.[4] A partial ordered on a nonempty set P is a binary relation < on P
that is reflexive, antisymmetric and transitive. The pair < P, <> is called a partially
ordered set or poset. Poset < P, < > is totally ordered if every x, y € P are
comparable, that is x <y or y < x. A nonempty subset S of P is a chain in P if S is
totally ordered by <.
Definition 2.2.[4] Let <P, <> be a poset and let SSP. An upper bound for S is an
element X€P for which s < x, VSES. The least upper bound of S is called the
supremum or join of S. A lower bound for S is an element x € P for which x <s,
V' s€S. The greatest lower bound of S is called the infimum or meet of S. Poset <
P, <> is called a lattice if every pair x, y elements of P has a supremum and an
infimum.
Note that the set of all of subgroups G under the”subgroup” relation is a lattice.
This lattice is called the lattice subgroup of G.
Definition 2.3. [5] Let X is a nonempty set. A fuzzy set of X is a function p from
Xinto [0, 1].
Definition 2.4. [5] A fuzzy subset p of a group G is called a fuzzy subgroup of G
if:
I p(xy) = min {p(x) , p(y)} , VX, yEG and
i p(x =p (x), VXEG.
Example. Let G = S; be the symmetric group of degree 3.

Define g: G — [0, 1] as follows:

1 if x=e
g(x)= 0.5 if x=(123), (132)
0  otherwise

where e is the identity element of Ss. It can be easily verified that g is a fuzzy
subgroup of S3.

Theorem 2.5.[5] Let e denote the identity element of G. If p is a fuzzy subgroup of
G, then p(e) > w(x), VXEG.

Theorem 2.6.[7] Function pu : G — [0, 1] is a fuzzy subgroup of G if there is a
chain
P; <P, <... <P, =G in subgroups lattice of G such that p can be written as

0., XE Py
pu(x) = 02, X€ P, \ Py
en, XE Pn \ Pl’l*l

Where 6; is element of [0, 1] and 6;> 6; if i>].
Example. Consider the group G = Zy,. Define function p as follows:
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1, x€ {0, 2, 4,6, 8, 10}
wx) = 12, x€{1,3,57,9, 11},
Note that P; () = {0, 2, 4, 6, 8, 10} and P, (1) = Z4, both are subgroup of Z,.
According to Theorem 2.6, p is a fuzzy subgroup of Z,5.
Definition 2.7. [7] Let p, A be fuzzy subgroups of G of the form

91, XE P1 61 ,XE Ml
)=\ 02, X€ P\ P,y , Mx) = 3, XE M\ M,
en,XE Pn\Pnfl am lXE Mm\

M m-1

Then we say that p and A are equivalent and write p ~A if
() m=nand
@ Pi=Mi, Vie {12 m}

Two fuzzy subgroups of G are said to be different if they are not equivalent.
Lemma 2.8. [6] The number of fuzzy subgroups of G is equal to the number of
chain on the lattice subgroups of G.

n
THE NUMBER OF FUZZY SUBGROUPS OF _®122 IFN=1,2,3AND 4
i=

In this section, we give a guiding principle to determine the number of fuzzy
subgroups of Qngzz when n=1, 2, 3 and 4. We denote the number of fuzzy
i=1

subgroups of group (Q)zz by o (Fg) and the identity element by 1.
i=1

The Number of Fuzzy Subgroups of Z2

Let Z, = {1, x}. The two subgroups of Z2 are I= {1} and Z,. Therefore, we can
construct a fuzzy subgroup p of Z, with length of p equal to 1 or 2. The fuzzy
subgroup of Z2 with length 1 is u(x) = 0,, ¥=Z,.

While the fuzzy subgroup of Z, with length 2 is

nx)= 01, x€{1} .
0, , XEZZ\ {1}, whereel and 0,¢ [0, 1]

Thus, 0 (Fz) = 2.
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Figure (1) Diagram of poset subgroups of Z,.

The Number of Fuzzy Subgroups of Z, x Z,

Let Z, x Z, = {(1,1) , (x,1) ,(1,y) ,(x,y) }.There are five subgroups of Z, x Z,,
namely
?2 xZ, 1={ (1D} Hi={(11), (x1) } H={(1,1) ,(Ly) }and Hs ={ (1,1) , (x,y)

L.et S(G) denotes the set of all subgroups of group G. The diagram of poset < S(Z,
x Z,),< >is as follows:

Zy x 7,

Hi| H: Hs

I
Figure (2) Diagram of poset subgroups of Z, x Z,
We will compute the number of fuzzy subgroups of Z, x Z,.
Let p be a fuzzy subgroup of Z, x Z,. We will identify p according to P,(u). Every

subgroup of Z, x Z, can be chosen to be P; (n).
If P1(n) =Z, x Z,, we only have one fuzzy subgroup of Z, x Z,, that is

Hi(X) =01, VXEZ; X Z,.

If Py (1) = Hy, then the only option we have is Z, x Z,= P,(u). Therefore we
only have one fuzzy subgroup of Z, x Z, namely

a(X) = | 01 ,XEH;
0, ,XEZZXZZ\H;L.

Similarly, we have one fuzzy subgroups for P; (1) = H,, P (u) = Hsz, namely
ps(X) = 01, X€H, | Ha(X) = /01, XEH;
92, XEZZ X Zz\ H2 92, XEZZ X Zz\
Hs
Respectively.

Finally if P1(uw)= 1, then by observing the poset of Z, x Z, see Figure (2) we
may construct fuzzy subgroups of Z, x Z, of length 2,
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If the length is 2, then P,(n)= Z, x Z, and we can choose one out of three to be
P,(w), namely Hy, H,, and Hs.

Thus, there are four fuzzy subgroups that can be constructed with Py (u) = 1.
Thus the total number of fuzzy subgroups of Z, x Z, is eight.

3
The Number of Fuzzy Subgroups of ®122 (Z2%Zy%2Z5)
i=

Let Z,x Z,x Z, = {(1,1,1) , (x,1,1) ,(1y,1), (1,1,2) , (x,1,2), (x,y,1), (Ly,2),
X,v,2) .
'(I'hgre)a}re sixteen subgroups of Z,xZ,xZ,, namely
Zyx Zyx Zy, 1 ={(1,1,1)}, K1 ={(1,1,1),(x,1,1)} , Ko ={(1,1,1) ,(1,y,1)},
Ks ={ (1,1,1) , (1.1,2)} , Ks={(1,1,1) ,(xy, 1)} , Ks= {(1,1,1) ,(x,1,2)} ,Ke=
{(1,1.1) .(Ly.2)}, K:={(1,1,1) .,(x.,y.,2)}, Hi={(1,1,1), (x,1,1), (Ly,1), (x,y,1)} ,H.
={(1,1,1), (x1,1), (1,12, (x12} Hs:={(1,11), (112, (1y1), (ly.2}
Ha={(1,1,1), (xy,1), (1,1,2), (xy.2) } Hs={(1,11), (x1,2), (1y,1), (xy.2) }
,Hsz{(l,l,l), (11yvz)1 (X,l,l), (X,y,Z) } and
H-={(1,1,2), (x,y,1), (1,y,2), (x,1,2)}.

The diagram of poset subgroups < S ((i)zz), <> is as follows:
i=1

VoX ZoX Zs
H1 H. LE 4 Hs He H;
Kl Kz (3 ‘(4 K5 KG K7

.//

Figure (3) Diagram of poset subgroups of(i)zz.
i=1

We will count the number of the fuzzy subgroups of (i)z2 by observing that
i=1

diagram and using Lemma 2.8. We can see that the maximal chain on that lattice
consists of four subgroups Ofézz. Therefore, the fuzzy subgroup p of @3922 has

i=1 i=1
length 1,2,3 or 4.
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Let p be a fuzzy subgroup of(i)zz. We will identify p according to P;(p). Every
i=1

subgroup of i@E)lzzcan be chosen to be P; (w). If Py (p) :ézz, we only have one
fuzzy subgroup of i(%)122 , that is
H(x) =0, ,Vxeic%z2 :
If P, (1) = Hj, then the only option we have is ézzz P, (n). Therefore we

only have one fuzzy subgroup of (i)z2 namely
i=1
u(x) = 01, XEH
0,, XE(% ZZ\ Hi.
i=1

Similarly, we have one fuzzy subgroups for P;(n)= H,, P1(w)= Hs, P1(w)= Ha,
P1(w)=Hs, P1(w)=Hs and P (w)=H; .

If P1(n)= Ky, then we have four chains, those are K;< (i)zz, K; < Hi<
i=1
(i)zz K1 <H,< @3922 and K; < Hg< (i)zz .Therefore, we get four fuzzy subgroups
i=1 i=1 i=1

of(i)zzwith P.(w)= Ky, those are
i=1

ux)= [ 01, x€K; ux)=| 01, x&K;
0, x€@7,\K; 0, x€H\K;
i=1

03, xE(i)zz\

i=1

H,
ux)=| 05, x€K, ux) = 05, x€K,
0,, XEHz\ K1 and 0,, XEH6\ K1
3 3
3, XE_(%ZZ\HQ 93, XE_Q?lZZ\H(s

Similarly, we have four fuzzy subgroups for P1(n)= K,, P1(n)= Kz, Pi(n)=
Ks, P1(w)= Ks, P1(1)= Ke and Py (p)= K.

Finally if P; (u) = I, we have 36 subgroups fuzzy. Thus, the total number of fuzzy
3
subgroups of _(>_§lZ2 is (1 +28+7 +36 = 72).

4
The Number of Fuzzy Subgroups of _®122 (Z2XZy%xZ,%2Z5)
=
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Let Z,xZ,xZ,xZ, = {(1,1,11) , (x1,1,1) ,(1y,11), (1,1,z1) ,(1,1,1h),
x1,z1), xvi11), (1Lvyz1),1,1zh),(1y,1h),(x11h), (xyz1l), (1y,zh),
(x,1,z,h), (x,y,1,h), (x,y,z,h) }.

4
There are 48 subgroups of ® Z, , namely Z,xZ,xZ,xZ,, 1={(1, 1, 1, 1)},
i=1

H; ={(1,1,1,1),(x,1,1, 1)} H.={(1,1,1,1) ,(1y,1,1)} H; ={(1,1,1,1), (1,1,2,1)},
H,= {(1,1,1,1) ,(1,1,1,h) } Hs={(1,1,1,2), (x,y,1,1)} He= {(1,1,1,1) ,(x,1,2,1)} ,
H,={(1,1,1,1) ,(1,y,1,h)} He={(1,1,1,1) ,(1,y,z,1)}, Ho={(2,1,1,1) ,(1,1,z,h)},
H1={(1,1,1,1),(x,1,1,h)},H1.={(1,1,1,1),(x,y,z,1) },H1>={(1,1,1,1),(x,y,1,h) },H15=
{(1,1,1,1),(x,1,z,h)},H,={(1,1,1,1),(1,y,z,h) },Hs={(1,1,1,1),(x,y,z,h) },K:={(1,1,1
1), (x,1,1,1), (1,y,1,1), (x,y,1,1)} K,={(1,1,1,1), (x,1,1,1), (1,1,z,1), (x,1,2,1)} ,
Ks={(1,1,1,1), (x,1,1,1), (1,1,1,h), (x,1,1,h)}, K,={(1,1,1,1), (1,1,1,h), (1,1,2,1),
(1,1,zh) }, Ks={(1,1,1,), (1,y,1,1), (1,1,1,h), (1,y,1,h)}, Ke={(1,1,1,1), (1,y,1,1),
1,1,z1), (y,z1) }, K.={(1,1,1,2), (x,y,z,2), (1,y,z,1), (x,1,1,1)}, Kg={(1,1,1,1),
xy,z,1), (x1,z21), (1y,1,D} Ko={(1,111), (xyvy,z,1), (xy,1,1), (1,1,z2,1)},
Kio={(1,1,1,1), (x,y,1,h), (x,y,1,1), (1,1,1,h)} K={(1,1,1,1), (x,y,1,h), (1,y,1,1),
(x,1,1,h)}, K»={(1,1,1,1), (x,y,1,h), (x,1,1,1)), (1,y,1,h)}, K13={(1,1,1,1), (x,1,z,h),
(x,1,1,1), (1,1,z,h)}, Kiu={(1,1,1,2), (x,1,z,h), (1,1,2,1),(x,1,1,h)}, Kis={(1,1,1,1),
(x,1,z,h), (1,1,1,h), (x1,z21)}, Ky={(1,1,1,1), (Ly,z,h), (1y,1,1), (1,1,z,h)},
Ki7={(1,1,1,1), (1,y,z,h), (1,1,2,1), (L,y,1,h)}, Kg={(1,1,1,1), (1,y,z,h), (1,1,1,h),
(Ly,z 1)}, Kyp={(1,1,1,1), (x,y,z,h), (x,y,1,1), (1,1,z,h)}, K»={(1,1,1,1),

xy,z,h), (1vy,z,1), (x1,1,h)}, Kx={(1,1,11), (xy,zh), (x,1,z,1), (1y,1,h)},
K»={(1,1,1,1), (x,y,z,h), (x,1,1,1), (1,y,z,h)}, K»s={(1,1,1,1), (X,y,z,h), (1,y,1,1),
(x,1,z,h)}, Kyy={(1,1,1,1), (x,y,2,h), (1,1,2,1), (x,y,1,h)}, K»x={(1,1,1,1), (X,y,z,h),
(1,1,1,h), (x,y,z,1)},

G, ={(1111), (xv.z,1), (x1,11), (1y11), (1,1z1), (1y.zl), (x1,z1),
(xy,1,1)},

G,={(1,1,1,1), (xy.1,h),(x,1,1,1), (1y,1,1), (1,1,1,h), (Ly,1,h), (x1,1,h),
(xy,1,1)},

Gs={(1,111), (x1,zh), (x1,1,1), (1,1,1,h), (1,1,z1), (1,1zh), (x1,1,h),
(x,1,2,1)},

G,={(1,1,1,1), (Ly,z,h),(1, y,1,1), (1,1, z1), (1,1,1,h),(1y,z,1), (Ly,1,h),(1,1,z,
h)},

Gs={(1,11,1), (xvy.z,h), (xvy.z,1), (1,1,1h), (Lyzh), (x,1,1,1), (x,1,1,h),
(1,y,z,1)}, and

Ge={(1,1,1,2), (x,y,z,h), (x,y,1,h), (1,1,z,1), (x,1,z,h), (1,y,1,1), (1,y,z,1), (X,1,1,h)}

.The diagram of poset subgroups < S(é Z,), <>isas follows:
i=1

366



n

Counting Fuzzy Subgroups of ® 2 by

<
—
o
N
~
o
Z
=
o
=
=
P
<
Pv.
N
™
o
>
T
c
S
=]
<)
S
=
(&1
(5]
T
)
o
c
LLI

Lattice Subgroups

Z:XZ;F&LZ{»Z!

Figure (4) Diagram of poset subgroups of (Z,xZ,XZ,xZ5,).

4

We will count the number of the fuzzy subgroups of ®z, by observing its

4

4

diagram and using Lemma 2.8.We can see that the maximal chain on that lattice
consists of five subgroups of ® z, . Therefore, the fuzzy subgroup p of ® z, has

i=1

=1

4

length 1,2,3,4 or 5.

Let p be a fuzzy subgroup of ®z,. We will identify u according to Py(p).

4

1

4

4
1
VXERZ

one fuzzy subgroup of ® z,, that is

Every subgroup of ézzcan be chosen to be P;(w). If P; (W) = ® Z,, we only have

2

=0,

(x)

i=1

4

then the only option we have is @ Z

= P,(w). Therefore we only have

2

=Gy,

(W

IfP

=1

4
1

one fuzzy subgroup of ® z, namely
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I'L(X): ell XEGl
0,, Xxe& éZZ\Gl
i=1

Similarly, we have one fuzzy subgroups for P1(n)= G,, P1(w)= Gz, P1(n)= G,
P1(1)= Gs, P1(w)= Gs, P1(1)= Hig and P ()= Hys.

If P1(n)= Ky, then we have three chains, those are K;< ézz, K; < Gi<
i=1

ézzand Ky < Gy< ézz .Therefore, we get three fuzzy subgroups ofézzwith
i=1 i=1 i=1
P:(n)= Ky, those are

H(X) = ell XEKl I'L(X) = ell XE Kl
921 XEC:()ZZ\K]. H 62, XEG]_\ Kl
i=1

4
03, XER®Z,\
i=1

and 0,, XEK;
wx) = 0,, XEG,\K;

0;, X€E éZZ\Gz
i=1

Similarly, we have three fuzzy subgroups for Pi(n)= K,, Pi(u)= K4, Pi(n)=
Ks, P1(w)= K7, P1(w)= K1, P1(u)= K1, P1(u)= Kyg and Py ()= Kz.

If P1(n)= K3, then we have four chains, those are K< ézz, K3 <Gy< (i)z2 Ks <
i=1 i=1
Gs3< (i)z2 and K; < Gs< (i)zz. Therefore, we get four fuzzy subgroups of
i=1 i=1

ézzwith P:(n)= K3 and we have the same number for P, ()= K.
i=1
By similar method, we have
4
(1) Two fuzzy subgroups of @lzzfor Pi(w)= Kg P1(n)= Ky, P1(n)= Ky, P1(p)=

K121

P1(w)= Kz, P1(u)= Kis, P1(n)= Kis, P1(n)= K17, P1()= K22, P1(p)= Kas, P1(n)=
Kz and Py(p)= Kos .

(2) seven fuzzy subgroups of (i)zzfor P:(w)= Hs, P1(n)= He, P1(w)= H7, P1(n)=
i=1

Hg'
P1(w)=Hu1, P1(W= Hiz, P1(n)= Hiz and Py ()= Hua.

(3) nine fuzzy subgroups of (i) Z,for P1(w)= Hg and P1(p)= Ho.
i=1

(4) ten fuzzy subgroups of é)zzfor P1(w=His.
i=1
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(5) twenty four fuzzy subgroups of é)zzfor P:(w=Hy, P1(u)=H,, P1(w)= Hs and
i=1

P1(pn)= Hs.
Finally if Py(w)= I, we have 248 subgroups fuzzy.

Thus, the total number of fuzzy subgroups of é Z, is 496=2(248).
i=1
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