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ABSTRACT 

      A polytope plays a central role in different areas of mathematics. It is used quite heavily in 

applied fields of mathematics, such as medical imaging and robotics, geometric modeling.  

     A polytope has many users in modern science such as computer graphics, optimization, and 

search engine. It is intended for a broad audience of mathematically inclined. Therefore in this 

paper, we shall take a polytope with one kind of application, which is known as a Stasheff 

polytope. it has been applied in:  moduli spaces, Erhart polynomial, physics- chemistry, and 

Hopf algebras.  

      In this paper,   a finite graph G with tubing is taken, the  nodes of the graph are reduce to 

points in    and the convex hull for them are simplex, permutahedron and associahedron 

(Stasheff polytope ) are studied. 

Also, a fan graph to the painted tree is also taken and reduces its nodes to points in   . The 

converse of this result is also given with different examples to consult our results.  

Keywords: Stasheff  Polytope, Permutohedron, Tube, Tubing, Painted tree, fan graph. 

 

 tubingsباستخذام  االشجار الملونةستاشيف ومتعذد السطوح والزوايا  العالقة بين 
 

 الخـالصـة

اصتخذايه نقذ تى دوسا يهًا فً يجاالخ يختهفح فً انشٌاضٍاخ,( ٌهعة polytopeيتعذد انضطىح وانزواٌا )         

تشكم كثٍش جذا فً انًجاالخ انتطثٍقٍح يثم انتصىٌش انطثً وانشوتىتاخ, انًُارج انهُذصٍح, واالصتخذاياخ فً 

 عذداكثش ح. حٍث اٌ انغشض يٍ هزج االصتخذاياخ هى اكتضاب ٍانعهىو انحذٌثح يثال انشصىيٍاخ انحاصىتٍح وااليثه

يتعذد وانزي ٌعشف تاصى يٍ اَىاع يتعذد انضطىح وانزواٌا يٍ انثاحثٍٍ نهًجال انشٌاضً, نزنك صُاخز َىع 

 Erhart polynomial and Hopf.        هيٍ تطثٍقات    Stasheff polytope     صتاشٍفانضطىح وانزواٌا 

algebra, moduli spaces,  

  وتحىٌم سؤوس انثٍاٌ انى َقاط فً انفضاء انًتجه رو انثعذ   Tubingيع   Gًفً تحثا هزا دسصُا انثٍاٌ انًُته      

n   و Convex hull  نتهك انُقاط هً االجضاو يتعذدج انزواٌا وانضطىحSimplex, Permutahedron, 

associahedron,. 
وتحىٌم تهك انشؤوس انى َقاط فً انفضاء  شجشج يهىَح  انىfan  تٍاٌ وكزنك تُاونُا فً هزا انثحث تحىٌم      

 ودسصُا انعكش واعطٍُا ايثهح يختهفح نتعزٌز َتائجُا. nانًتجه رو انثعذ 
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INTRODUCTION 

he Stasheff polytope (associahedron)    is a polytope of dimension n, represented by the 

convex hull of the points in   , where the set of vertices is in one to one correspondence 

with the planar binary tree having n nodes and n+1 leaves, another example of a polytope 

is a permutahedron    where the construction represented by the convex hull of the 

permutations of points in    , [7]. A lot of applications concerned with a polytope which are 

given in [6, 9,10]  

     The Stasheff polytope    appeared in the sixties of the last century in the work of James 

Dillon (Jim) Stasheff who is an American mathematician in "Hsomotopy associativity of H-

spaces. I, II", and he wrote fundamental papers on higher homotopy theory and homotopy 

algebras. He introduced    , Stasheff algebras and Stasheff polytopes.  In (1980) he turned to 

the application of characteristic classes and other topogical and algebraic concepts in 

mathematical physics, first in the algebraic structure of anomalies in quantum field theory, 

where he worked with among others. 

     Berry offers in [3], a new type of painted tree made by composing binary trees on leveled 

trees and defines the pterahedron to be the poset of painted face trees, which we show to be the 

face poset of a polytope. 

      In this paper a new concept which is called the tube is studied and some types of graph 

associahedron in a graph theory which are: simplex, permutahedron and associahedron are 

introduced.   

     Also in our work we reduce the fan graph to painted tree and reduce it to a point in    where 

the converse of the above process is also given. 

    Different examples are taken to discuss and explain the main idea. 

 

Preliminaries   

  This section presents some of the basis and fundamental concepts related to this paper.  

 

Definition(1.1), [ 4 ]:  

     Let S be a subset of the vertex set for the graph G. The subgraph with vertex set S and edge 

set { uv │u , v   S and uv   E(G) }, is called the subgraph of G induced by S. 

Figure.1. represent the E(S) concept of the induced subgraph.  

 

 
Figure(1). induced subgraph 

 

Definition(1.2), [ 1 ]: 

      A graph H is a subgraph of the graph G if V(H)   V(G) and E(H)   E(G). If H G, then H 

is called a proper subgraph of G and it is denoted by H G. 

 

Definition(1.3), [ 4 ]: 

      A tube u of a finite graph G is a proper, nonempty set of nodes of G whose induced graph is 

a proper, connected subgraph of G.  

Two tubes   and   are: 

T 
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(1) Nested if       , 

(2) Intersecting if         and         and        

(3) Adjacent if         =   and      is a tube in G.  

 

Definition (1.4), [4 ]:  

     Tubes are compatible if they do not intersect and they are not adjacent. 

 

Definition (1.5), [4 ]:  

       A set of tubes of G is said to be a tubing U of G if every pair of tubes in U is compatible.  

 

  Example (1.1),[ 4 ]:  

      Now, we explain the definition (1.5) by the following figures.  

     Figure 2.(a) represent valid tubings and  figure 2.(b) represented invalid tubings. 

 

 
Figure 2.(a) valid tubings 

 

 

 
                                             

Figure 2.(b) invalid tubings 
 

 

Definition (1.6), [ 8 ]:  

     The face poset X(L) is the poset of cells of L ordered by inclusion, where L is the set of cells 

of a polytope. 

 

Definition(1.7), [ 4 ]:  

      Let G be a graph with n nodes, The graph associahedron PG is a simple, convex polytope 

whose face poset is based on the connected subgraphs of G. When G is a set of vertices, PG is 

the simplex Moreover, when G is a path, cycle or a complete graph, PG results are the 

associahedron, cyclohedron, and permutohedron, respectively.   

 

Integer values of nodes associated to tubings: 

     Let G be a graph with n nodes and    be the collection of maximal tubings of G, where each 

tubing U in    contains (n-1) compatible tubes. The smallest tube in U containing v denoted by 

t(v), if no tube of U contains  v, then t(v) is all of G. 

Define a map    from the nodes of G to the integers. if v  = t(v) then   ( )      All other 

nodes v of G must satisfy the recursive condition  ∑         ( ) (  )      ( )     

For G a graph with an ordering     ,   , ….,     of nodes. The map c:        where c(U) = ( 

   (  ), …,   (  )) is defined. 

 

Example (2.1): 
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      Let G be a graph with four nodes, using some steps to gives integer values of nodes 

associated to tubing, 

 

1. Take the smallest tube where t(v) = 0, if the smallest tube contain one vertex. 

 
 

2. All other nodes v of G must satisfy the recursive condition ∑         ( ) (  )       ן( )  ן   

 

 
 

0 + 0 +x =  ן( ) ן    

x =      

x = 3. 

 

3. Compute integer values for nodes out the tubing. 

 

 
 

0 + 0 + 3 + x =       

3+x =    

x = 9-3 

x = 6. 

 

Example (2.1), [ 4 ]:   

      Figure.3, gives the integer values of nodes associated to tubings.  

 

 
 

Figure.3 

 

 

Theorem (2.1), [ 4 ]:  
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       If G is a graph with n nodes. The convex hull of the points c(   ) in    yields the graph 

associahedron PG. 

 

Some types of graph associahedron:  

       The concepts of simplex, permutohedron  and  associahedron in graph theory are given:   

 

Simplex, [ 4 ]: 

      Let G be the graph with n (disjoint) nodes, such that, each of them corresponding to 

choosing n-1 out of the n possible nodes.  

An element of    is a point in    consisting of zeros for all coordinates except one with the 

value       and PG the convex hull of n vertices in    yielding the (n-1) – simplex.  

 

Example (3.1):  

       In this example we explain the simplex for n = 2, 3 and 4, for n = 2, then 1- simplex is 

explained in the following figure with computation of its coordinate. 

 

For  n = 3,[4], the 2- simplex is explained below. 

 

 
 

For  n = 4, then 3- simplex is explained by the following. 

           
 

Permutahedron, [ 4 ]: 

     Let G be a complete graph with n nodes. Each element of     can be seen as a point in    

whose values based on all permutation of the sequential nesting { 0, 1,    -   , …,      -      

}, and the convex hull of the n! vertices in    yielding the permutohedron.  
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Example (3.2):  

      In this example we explain the permutohedron for n = 2, 3 and 4, for n= 2, the    is given 

below after computing the coordinate of it. 

 

 
 

If n = 3, then    is explained as follows, [ 4 ]. 

 

 

 

 
for n = 4, then coordinates of    is given below. 
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Therefore,    is as follow 
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Associahedron, [ 4 ]:  

       Let G be n-path. The number of such maximal tubings is in bijection with Catalan  number, 

and the convex hull of these vertices in    yielding associahedron.  

 

Example (3.3):  

        In this example we explain the associahedron for n = 2, 3 and 4, for n = 2, then the 

computation of    is given below.  

 

 

         
      For n = 3, then the coordinates of    is given below. [4] 

 

 

 

 

 

 

 

 

 

 

 

For n = 4, the evaluation of coordinate of coordinates for associahedron     is done. 
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The obtained associahedron    is below. 

 
   

 

 

 

Definition (3.4), [5]:  

     Cyclohedron is the graph associahedron of cycle, when n=3, the permutohedron and 

cyclohedron are identical in dimension two, [4]. 

 

Painted trees: 

Definition (4.1), [2]: 

     Composed leveled trees    on binary trees  , is denoted by(     )  . Where n is the interior 

node of painted trees. 

Note (4.1), [3]:  

     The number of trees in (     )   is ∑      ∑ ( ∏      
)   

                       
 
     

such that (K! ) ways to make the leveled - painted portion of this tree with k nodes, (K+1) 

leaves on the top of the leveled - painted portion of this tree, and (n-k) remaining nodes to be 

distributed among the (k+1) binary trees that will go on the leveled - painted leaves. 
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Example (4.1), [2]: 

 

 
 

 

Example (4.2), [2]:   

 
Note (4.2), [3]:  

     We can compute the coordinate of the painted tree by the following steps:  

a. Labels the nodes of the painted tree by (   ,     , …,  ), number the nodes from left to 

right, 1 to n, according to the spaces above the nodes. 

b. Number the levels of the painted portion of the tree starting with n at the bottom and 

working up n, n-1, n-2, … 

c. Consider node i, if the node is painted,   = the nodes level. 

Otherwise      
 
 (the number of leaves to the left) (the number of leaves to the right).  

A painted tree can be representing by a point in    where the convex hull of them represent a 

polytope, as seen as in figure.3. 

 

Example (4.3), [  3 ]: 

 

 
Figure.3. painted tree coordinates    

 

How to convert the graph with the tubing to a painted tree: 

We can convert the graph with the tubing by the following steps: 
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1- Number the graph vertices from 0 to n, in a counter- clockwise fashion beginning with 

the top vertex. Identify the smallest tube containing the 0- vertex. In this work we shall call the 

smallest tube containing the 0- vertex t.  

2- Draw n+1 dots for the tree leaves. Number spaces between the leaves 1 to n.  

3- Note that the node under space i between tree leaves corresponds to vertex i of the 

graph.  

4- Using all of the non- 0 vertices inside t, connect leaves as you would to construct a (non 

– leveled) tree from a path graph. These edges and vertices will not be painted.  

5- Tube t indicates the location of the paint line. Edges and nodes below those constructed 

in the previous step will be painted.  

6- Starting with the first tube containing t and working out, add appropriate edges to the 

tree to create leveled nodes below the existing nodes. Work down and connect new nodes to any 

existing adjacent nodes. These nodes are painted. 

 

Example (5.1):  

     Let G be the a fan graph of 7 nodes with tubing then  

1-Number the graph vertices from 0 to 6. 

 
2-Draw n+1 dots for the tree leaves. Number the spaces between the leaves 1 to 6.  

 
 

3-Edges and node between the vertices 3 and 4 .  

 

 
 

4-Add edges and node for vertex 5 (paint),  

 

 
5-Add edges and node for vertex 0,   

6-Add edge and node for vertex 6, add edge and node for vertex 2 and add edge and node for 

vertex 1. 
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How to convert a painted tree to graph with a tubing: 

The following steps give the converting the painted tree to a graph with tubing by the following: 

    1- Number the spaces between the tree leaves, 1 to n from left to right. 

    2- Draw a fan graph and number the vertices, 0 to n in a counter-clockwise fashion beginning 

with the top vertex.  

    3- Consider the unpainted portions of the tree. Draw tubes as you would to construct path- 

graph tubing from (non- leveled) binary trees. 

   4- To indicate the beginning of the paint, draw a tube containing all existing tubes and the 0-

vertex.  

   5- Starting with the top most painted node and working down, draw a tube for each leveled 

node of the tree containing all existing tubes and adding the vertex corresponding to the current 

node.  

 

Example (6.1):  

1- Number the spaces between the tree leaves, from 1 to 6.  

 

 
 

2- Draw a fan graph and number the vertices, from 0 to 6. 

 

 
 

3- Consider the unpainted portions of the tree and draw tubes as you would to construct 

path – graph tubings from (non- leveled ) binary trees.  
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4- Starting with the top most painted node and working down, draw a tube for each leveled 

node of the tree containing all existing tubes and adding the vertex corresponding to the current 

node. 
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