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H I G H L I G H T S   A B S T R A C T  
• A new type of hybrid Nano-fluid (Fe3O4 – 

MgO/H2O) was used.  
• Plain and wavy tubes with turbulent flow 

were considered. 
• Two-phase models were employed for the 

numerical simulation. 
• The HTC enhancement appears to be more 

pronounced at φ = 2% in both tubes. 
• HTC increment is slightly higher with a 

wavy-walled tube than the plain one. 

 The newest class of heat transfer improvement is accomplished by using hybrid 
Nano-fluids. Therefore, the heat transfer and pressure drop of a mixture of Iron 
oxide (Fe3O4) and Magnesium oxide (MgO) nanoparticles suspended into the base 
fluid under a turbulent regime through a plain and wavy tube are computed 
employing commercial software ANSYS Fluent. A mixture of Fe3O4 and MgO 
nanoparticles in pure water is considered a brand-new type of hybrid Nano-fluid 
for boosting heat transfer. The simulation procedures were performed utilizing the 
single and multiphase (mixture) approaches at Reynolds number in the range of 
(3,916 - 31,331) and volume concentrations range of (0.5% ≤ φ ≤ 2%). The plain 
and wavy walls are subjected to a constant heat flux of 18,189 W/m2, and the flow 
is presumed as fully developed. The computed outcomes are validated with the 
correlation equations and experimental data of literature. The outcomes 
demonstrate that boosting the nanoadditives fraction leads to a remarkable 
improvement of heat transfer and hydrothermal performance indicator (HPI) of 
MgO-Fe3O4 /H2O Hybrid Nano-fluid through the considered tubes compared with 
the conventional base fluid. However, the increment is slightly higher with a wavy 
wall tube than with the plain one. Moreover, new correlations were suggested for 
specific water-based hybrid Nano-fluid volume concentrations. 
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1. Introduction 
Nano-fluids have obtained a significant concentration in many applications such as microelectronics, refrigeration, 

transportation, nuclear, and solar technologies. They have gained considerable attention due to their ultrahigh thermal efficiency. 
The nanoparticles enhance the suspension stability, and the flexible thermophysical properties, and extend the interface of a solid 
particle due to their efficient surface area at low concentrations [1, 2]. However, the channel clogging and sedimentation cause 
pressure through the flow. The hydrothermal characteristics of the Nano-fluids are based on morphology, temperature, 
nanoparticles loading, and the thermophysical properties of the base fluids [3, 4]. 

For expensive empirical investigations, the evaluation of hydrothermal properties of Nano-fluids significantly relies on their 
proper modeling. The appropriate simulation of Nano-fluids demands an excellent knowledge of the physical phenomena which 
causes augmentation in the thermal conductivity [5,6]. There are several mechanisms responsible for developing thermal 
conductivity. These mechanisms are Brownian motion, thermophoresis, lift and drag forces, the interface layering of the liquid 
molecules around the nanoadditives, and clustering and diffusion of nanoparticles [7-9]. 

Homogeneous and multiphase approaches are the most common computational techniques utilized in simulating the HTC 
and characteristics of Nano-fluids flow. In a homogeneous model, the Nano-fluids are presumed to be a homogenous mixture, 
i.e., nanoparticles and fluid move without slip and with equal temperature and velocity [10-12]. Meanwhile, the CFD multiphase 
approaches are classified into Lagrangian-Eulerian and Eulerian–Eulerian according to the treatment of fluid and nanoparticle 
phases. This model consists of three numerical models: mixture, Eulerian, and volume of fluid (VOF) models. The mixture model 
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is the most straightforward multiphase numerical approach as it performs for various particle sizes, exceptionally tiny particles. 
The nanoparticles follow the flow with a potent combination of fluid and particle phases[13]. 

Nevertheless, selecting the accurate approach among single and multiphase numerical models is still debatable. Numerous 
researchers affirmed the accuracy of the homogenous model, which is a widely used approach, simple, and cost-efficient [9, 14-
18]. Despite this, few researchers approved the opposite due to neglecting the significant effect of interactive interphase forces 
[19-26].  Labib et al. [27] computed the HTC  of Al2O3/CNTs/H2O and a combination of Al2O3/EG/H2O hybrid Nano-fluids flow 
using a mixture model. The hybrid Nano-fluids flow inside a plain tube under a laminar regime with wall-fixed heat flux. The 
researchers found that hybrid Nano-fluids gave a more noticeable HTC (59.86) % than mono Nano-fluids. Also, they found that 
the increment in heat transfer was less pronounced when water was utilized as base fluid than EG.  Kumar and Puranik [28] 
investigated the flow aspects of three types of Nano-fluids, including TiO2/water, Cu/water, and Al2O3/water. They revealed that 
the homogenous approach is more precise than the Lagrangian-Eulerian approach at a volume fraction greater or equal to (0.5) 
% and less or equal to (2) %. Hejazian et al. [29] employed the mixture and Eulerian models to study the thermal and 
hydrodynamics properties of water-based Al2O3 Nano-fluid at volume fractions (0.1% ≤ φ ≤ 2%). The researchers showed that 
the findings predicted by both approaches were very akin to the empirical outcomes.  

On the contrary, Göktepe et al. [30] demonstrated that the mixture approach was less precise than homogenous and Eulerian 
models. The authors simulated the hydrothermal characteristics of water-based Nano-fluid with concentrations (0.6% ≤ φ ≤ 
1.6%). Davarnejad and Jamshidzadeh  [31] explored the turbulent heat transfer behavior of  MgO/H2O Nano-fluid flow through 
a flat tube employing homogenous, VOF, and mixture models. The researchers reported that the simulated results agreed with 
the empirical data. They revealed that augmentation of the nanoadditives concentrations increases the Nusselt number (Nu) and 
pressure drop losses. However, the increment of pressure drop was minor compared with the Nu. They also concluded that the 
mixture and VOF models were more precise than the homogenous model for predicting heat transfer at high nanoparticle 
concentration. The average deviations from the empirical data were around 2% and 11% for multiphase and single-phase models, 
respectively. However, Lotfi et al. [32] and Behroyan et al. [18] underpredicted the HTC computed using the Eulerian approach 
for water-based Al2O3 at (2-7) % and water-based Cu Nano-fluid at (1- 2) %, respectively. Nevertheless, Ebrahimnia-Bajestan 
et al.  [26] overpredicted the HTC of water-based TiO2 at (1- 2.3) %. Akbari et al.[33, 34] overestimated the computed HTC of 
water-based Al2O3 Nano-fluid at concentrations (0.6 - 1.6) vol. % employing the mixture, VOF, and Eulerian approaches.  

Moreover, Sundar et al. [35] computed the HTC of (Fe3O4-MWCNT/ H2O) hybrid Nano-fluid through a flat (circ (tube. The 
results demonstrated that the HTC increased by 32% at Re (22×〖10〗^3) and (0.3) %. Li et al. [36] studied the impact of Re, 
concentration, and amplitude on the performance of (MgO/Ag/H2O) hybrid Nano-fluid along a sinusoidal tube. The outcomes 
revealed that an increase in the wavy amplitudes resulted in minimizing the performance evaluation criteria.  

Furthermore, Rashidi et al. [37] compared the numerical homogenous model with VOF, mixture, and Eulerian approaches 
of Cu/H2O Nano-fluid flow along a wavy channel. The findings revealed that the predicted HTC by the homogenous model 
augmented with increasing the volume concentrations for all Reynolds numbers. In contrast, the computed HTC by multi-phase 
numerical models enhanced in the middle and front of the wavy channel and decreased at low Reynolds numbers throughout the 
channel. Alshare et al. [38] studied the thermal and hydrodynamics flow of Al2O3–Cu /H2O hybrid Nano-fluids under steady 
temperature in a wavy channel for Reynolds numbers (102 –103), and nanoparticle fractions range from (1-2)%. Findings 
revealed that the friction factor and HTC increased with increasing the nanoparticles’ volume fraction. The Nanoparticle’s 
volume concentration of 1% and 2% resulted in a minimal increase in heat transfer. However, adding 1% and 2% volume fraction 
hybrid nanoparticles increased the Nusselt number by 16% and 22%. Similarly, increasing the channel wavy amplitude boosted 
the HTC by 12 %, and frictional losses increased to (15) %. 

Several review articles concentrated on conducting the numerical single-phase and multiphase modeling of Nano-fluids with 
all the related physical mechanisms to set the fundamental findings [39-41]. Based on the literature, the experimental and 
numerical work on hybrid Nano-fluids is limited and few researchers considered the mixture of various types of nanoadditives. 
Hence, in this paper, the single and multiphase (mixture) numerical approaches are investigated to simulate the hydrothermal 
characteristics and nanoparticles migration of a new hybrid Nano-fluid consisting of Fe3O4-MgO/H2O through a horizontal plain 
and wavy tube under turbulent conditions. 

2. Problem Description 
The hybrid Nano-fluid containing spherical nanoparticles of water-based Fe3O4/MgO (50% Fe3O4 and 50% MgO) by volume 

flow through horizontal plain and wavy tubes is considered. The thermophysical characteristics of water, MgO, and Fe3O4 nano-
additives are given in Table 1. These hybrid nanoparticles are mixed for the first time with water by considering volume 
concentrations of 0.5% ≤ φ ≤ 2%. The tube wall is subjected to a constant heat flux of 18,189 W/m2 with Reynolds numbers 
(3,916 to 31,331), and the flow is assumed as fully developed. The hybrid nanoadditives are presumed to be diffused 
homogenously into the water without any surfactants. The average diameter of nanoadditives is deemed to be (20) nm. Figure1 
illustrates the schematic diagram of the plain and wavy tube with a length (L) of (1000) mm and a hydraulic diameter (Dh) of 
(14) mm. 
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Table 1: The characteristics of pure water and nanoadditives [42-44] 

Properties H2O 𝐌𝐌𝐌𝐌𝐌𝐌 𝐅𝐅𝐅𝐅𝟑𝟑𝐌𝐌𝟒𝟒 
Density (kg m-3) 997 3560 5180 

Specific heat (J kg-1  K-1) 4180 955 670 

Thermal conductivity (W m-1  K-1)   0.607 45 80.4 

Dynamic viscosity (kg m-1  s-1) 0.000891 --- --- 

 
Figure 1: Schematic of plain and wavy tubes 

3. Mathematical Formulation 
3.1 Single-Phase Model 

The accuracy of the single-phase model mainly depends on the accurate estimation of the Nano-fluid thermophysical 
properties. The mixture is assumed as a homogenous fluid with negligible slip motion between fluid and nanoparticles. The 
liquid and nanoadditives are also presumed to be hydrodynamically and thermally at equilibrium with each other. The governing 
equations of this approach are given as follows:  

Continuity equation: 

∇. �𝜌𝜌𝑛𝑛𝑛𝑛  𝑢𝑢𝑛𝑛𝑛𝑛  � = 0                                                 (1) 

Momentum equation: 

∇. �𝜌𝜌𝑛𝑛𝑛𝑛  𝑢𝑢𝑛𝑛𝑛𝑛  𝑢𝑢𝑛𝑛𝑛𝑛  � = −∇p +  ∇. �µ𝑛𝑛𝑛𝑛∇𝑢𝑢𝑛𝑛𝑛𝑛� + 𝜌𝜌𝑛𝑛𝑛𝑛  𝑔𝑔                  (2) 

Energy equation: 

∇. �𝜌𝜌𝑛𝑛𝑛𝑛   𝑐𝑐𝑝𝑝,𝑛𝑛𝑛𝑛 𝑢𝑢𝑛𝑛𝑛𝑛  𝑇𝑇𝑛𝑛𝑛𝑛  � =  ∇. (k𝑛𝑛𝑛𝑛  ∇𝑇𝑇𝑛𝑛𝑛𝑛                                      (3) 

3.2 Numerical Multiphase Mixture Approach 
The mixture model is designed for more than two phases and the relative velocity among phases is determined using 

correlation. The primary phase (fluid) impacts the secondary phase (particulate) through turbulence and drag forces; the 
particulate phase influences the fluid phase by minimizing its mean momentum. This approach computes (the continuity, energy, 
momentum) of the mixture, and the concentrations for the secondary phases [41].  

The governing equations of the mixture approach can be expressed as:  
Continuity Equation: 

 ∇. (𝜌𝜌𝑛𝑛𝑛𝑛  𝑢𝑢𝑛𝑛𝑛𝑛  ) = 0                                                                                  (4) 

Momentum equation: 

∇. �𝜌𝜌𝑛𝑛𝑛𝑛  𝑢𝑢𝑛𝑛𝑛𝑛  𝑢𝑢𝑛𝑛𝑛𝑛  � = −∇P + ∇. �µ𝑛𝑛𝑛𝑛∇𝑢𝑢𝑛𝑛𝑛𝑛� +  ∇. �𝜑𝜑𝑛𝑛  𝜌𝜌𝑛𝑛𝑢𝑢𝑑𝑑𝑑𝑑,𝑛𝑛 + 𝜑𝜑𝑛𝑛𝑝𝑝 𝜌𝜌𝑛𝑛𝑝𝑝𝑢𝑢𝑑𝑑𝑑𝑑,𝑛𝑛𝑝𝑝𝑢𝑢𝑑𝑑𝑑𝑑,𝑛𝑛𝑝𝑝�+𝜌𝜌𝑛𝑛𝑛𝑛  𝑔𝑔      (5) 

Energy equation: 
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∇. �𝜑𝜑𝑛𝑛𝑢𝑢𝑛𝑛𝑛𝑛𝜌𝜌𝑛𝑛  𝐶𝐶𝑃𝑃,𝑛𝑛𝑇𝑇𝑛𝑛 + 𝜑𝜑𝑛𝑛𝑝𝑝𝑢𝑢𝑛𝑛𝑝𝑝 𝜌𝜌𝑛𝑛𝑝𝑝 𝐶𝐶𝑃𝑃,𝑛𝑛𝑝𝑝𝑇𝑇𝑛𝑛𝑝𝑝 � = ∇. ��𝜑𝜑𝑛𝑛  k𝑛𝑛 + 𝜑𝜑𝑛𝑛𝑝𝑝 k𝑛𝑛𝑝𝑝�∇T�                 (6) 

Volume fraction: 

∑ 𝜑𝜑𝑖𝑖𝑛𝑛
𝑖𝑖=1 = 1                                                                        (1) 

∇. (𝜑𝜑𝑛𝑛𝑝𝑝  
𝜌𝜌𝑛𝑛𝑝𝑝𝑢𝑢𝑛𝑛𝑛𝑛) = −∇. (𝜑𝜑𝑛𝑛𝑝𝑝𝜌𝜌𝑛𝑛𝑝𝑝𝑢𝑢𝑑𝑑𝑑𝑑,𝑛𝑛𝑝𝑝)                                             (8) 

Characteristics equations of hybrid Nano-fluids are expressed as: 
Density: 

𝜌𝜌𝑛𝑛𝑛𝑛 = 𝜑𝜑𝑛𝑛  𝜌𝜌𝑛𝑛 + ∑𝜑𝜑𝑛𝑛𝑝𝑝 𝜌𝜌𝑛𝑛𝑝𝑝                                                     (9) 

Viscosity: 

𝜇𝜇𝑛𝑛𝑛𝑛 = 𝜑𝜑𝑛𝑛  𝜇𝜇𝑛𝑛 + ∑𝜑𝜑𝑛𝑛𝑝𝑝𝜇𝜇𝑛𝑛𝑝𝑝                                                 (10) 

Mixture velocity: 

u𝑛𝑛𝑛𝑛 = 𝜑𝜑𝑓𝑓𝜌𝜌𝑓𝑓 u𝑓𝑓+∑𝜑𝜑𝑛𝑛𝑛𝑛𝜌𝜌𝑛𝑛𝑛𝑛u𝑛𝑛𝑛𝑛
𝜌𝜌𝑛𝑛𝑓𝑓

                                                        (11) 

Thermal conductivity: 

𝑘𝑘𝑛𝑛𝑛𝑛 = 𝜑𝜑𝑛𝑛  𝑘𝑘𝑛𝑛 + ∑𝜑𝜑𝑛𝑛𝑝𝑝 𝑘𝑘𝑛𝑛𝑝𝑝                                                  (12) 

The drift velocity of base fluid: 

u𝑑𝑑𝑑𝑑,𝑛𝑛 = u𝑛𝑛 − 𝑢𝑢𝑛𝑛𝑛𝑛                                           (13) 

The drift velocity for nanoadditives phase: 

u𝑑𝑑𝑑𝑑,𝑛𝑛𝑝𝑝 = u𝑛𝑛𝑝𝑝 − 𝑢𝑢𝑛𝑛𝑛𝑛                                              (14) 

Abbasi and Baniamerian [45] and Hatami et al. [46] suggested the relative velocity and the drag force, respectively, as given 
below: 

𝑢𝑢𝑛𝑛,𝑛𝑛𝑝𝑝 =  𝜌𝜌𝑛𝑛𝑛𝑛 𝑑𝑑𝑛𝑛𝑛𝑛2

18 𝜇𝜇𝑓𝑓 𝑛𝑛𝐷𝐷
 ( 𝜌𝜌𝑓𝑓 −𝜌𝜌𝑛𝑛𝑓𝑓 )

𝜌𝜌𝑓𝑓 
  (𝑔𝑔 − �𝑢𝑢𝑛𝑛𝑛𝑛 .∇�𝑢𝑢𝑛𝑛𝑛𝑛)                           (15) 

Drag force is expressed as: 

𝑓𝑓𝐷𝐷 = �
1 + 0.15 𝑅𝑅𝑅𝑅𝑛𝑛𝑝𝑝0.687                               𝑅𝑅𝑅𝑅𝑛𝑛𝑝𝑝 ≤ 1000
0.0183𝑅𝑅𝑅𝑅𝑛𝑛𝑝𝑝                                         𝑅𝑅𝑅𝑅𝑛𝑛𝑝𝑝 > 1000          (16) 

Where:  

𝑅𝑅𝑅𝑅𝑛𝑛𝑝𝑝 =  𝑢𝑢𝑛𝑛𝑓𝑓 𝑑𝑑𝑛𝑛𝑛𝑛 𝜌𝜌𝑛𝑛𝑓𝑓 

 𝜇𝜇𝑛𝑛𝑓𝑓 
                                            (17) 

Where: dnp denotes the diameter of nanoadditives. 
Launder and Spalding's (k-ε) model was expressed in Eqs. (18) and (19). 

 ∇. (  𝜌𝜌𝑚𝑚   v𝑘𝑘) = ∇. (  𝜇𝜇𝑡𝑡,𝑚𝑚
𝜎𝜎𝑘𝑘

 ∇k) +    G𝑚𝑚 −  𝜌𝜌𝑚𝑚 𝜀𝜀                               (18) 

 ∇. (  𝜌𝜌𝑚𝑚   v𝜀𝜀) = ∇. (  𝜇𝜇𝑡𝑡,𝑚𝑚
𝜎𝜎𝜀𝜀

 ∇ε) + 𝜀𝜀
𝑘𝑘

 ( 𝐶𝐶1 G𝑚𝑚 − 𝐶𝐶1 𝜌𝜌𝑚𝑚 𝜀𝜀)  (19) 

Where: 

 𝜇𝜇𝑡𝑡,𝑚𝑚 = 𝜌𝜌𝑚𝑚 𝐶𝐶𝜇𝜇  𝑘𝑘
2

𝜀𝜀
 , and the constants are 𝐶𝐶1 = 1.44,𝐶𝐶2 = 1.92,𝜎𝜎𝜀𝜀 = 1.3 and 𝜎𝜎𝑘𝑘 = 1.0 
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4. Numerical Description and Grid Independency 
This paper performs the numerical simulation using the finite volume method-based commercial software ANSYS Fluent 

(version: 19.3). The semi-implicit pressure-linked equations (SIMPLE) technique was used for pressure-velocity coupling. The 
first-order upwind scheme is applied to discretize volume fraction in the mixture approach. Meanwhile, the second-order upwind 
technique discretizes the convective terms. Grid independence tests are implemented to check the accuracy of the findings. The 
mesh is finer near the tube wall to capture the boundary layer (thermal-viscous) and the temperature gradient. The boundary 
conditions are modeled by employing a 3D computational domain, as depicted in Figure 2 (a,b, and c). The boundary conditions 
of constant heat flux, velocity inlet, and pressure outlet are respectively defined at the wall, tube's inlet, and outlet as depicted in 
Figure 1 . For the convergence criteria, the residuals of all parameters are set to less than 10-6. 

A structured hexahedral grid is generated and applied along the tested section, as shown in Figure2 (a,b, and c). Five mesh 
sizes were tested and presented in Table 2. The values of ΔP and Nuav. for pure water at Re (7832) were found approximately 
constant using grids 3, 4, and 5, with the highest deviation less than 0.1%, as depicted in Figure 3(a and b). Hence, grid 3 is 
applied for all the computations to guarantee the accuracy is kept at less running time and computational cost. 

 
Figure 2: Mesh configuration (a) surface, (b) section, and (c) interior. 

 

Table 2: The analysis of mesh sizes on Nuav and ΔP 

Grid type Elements Average Nusselt number Pressure drop (pa) 
Coarse (1) 458605 51.64 285.88 
Medium (2) 1052573 51.61 282.01 
Fine (3) 1001000 51.59 279.99 
Very Fine (4) (5) 1344408 

1645000 
51.59 
51.59 

279.76 
279.70 

 

5. Results and Discussion 
This section investigated the HTC, friction factor, and hydrothermal performance indicator of water based Fe3O4 / MgO 

hybrid Nano-fluid in plain and wavy tubes employing the mixture approach. The volume concentrations of the nanoadditives 
range from (0.5% ≤ 𝜑𝜑 ≤ 2%), and the Reynolds number ranges from 3,916 to 31,331. The computed results of the plain and 
wavy tube will be assessed and compared with the relevant studies. 
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5.1 Validation  
Several numerical calculations were performed on pure water to validate the reliability of the numerical findings and provide 

a baseline for comparison of the Nano-fluids data. Thus, The outcomes of the Nusselt number were compared with the empirical 
data of Maddah et al. [47], Notter and Sleicher  [48], and Dittus–Boelter [49] correlations for the turbulent flow.  

 Notter and Sleicher equation [48]: 

Nu = 5 + 0.015 Re𝑎𝑎 𝑃𝑃𝑟𝑟𝑏𝑏                                                          (20) 

where 

a = 0.88 −
0.24

4 + 𝑃𝑃𝑟𝑟
 

b = 0.33 + 0.5 𝑅𝑅(−0.6𝑃𝑃𝑑𝑑) 

For the range of 0.1 < Pr < 104, 104 < Re < 106, and the deviation is ∓ 10%. 

 Dittus–Boelter equation [49] is expressed as: 

 

 
Figure 3: Analysis of grid sensitivity (a) average Nusselt number, and (b) pressure drop 
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Nu = 0.023 Re0.8𝑃𝑃𝑟𝑟𝑛𝑛                                 (21) 

Where, n = 0.4 and 0.3  for heating (𝑇𝑇𝑠𝑠 > 𝑇𝑇𝑚𝑚)  and cooling(𝑇𝑇𝑠𝑠 < 𝑇𝑇𝑚𝑚), respectively. 
Figure 4 (a) validates the computed Nusselt number and values obtained from the abovementioned equations for various 

Reynolds numbers. It is obvious that the Nusselt number values for pure water are very akin to the predictions of Maddah et al. 
[47], Notter and Sleicher  [48], and Dittus–Boelter [49] with an average variation (6.90)%.  

The accuracy of the computed friction factor inside the plain tube is evaluated and compared with the experimental results 
of Maddah et al.[47], Blasius [50], Fang et al. [51], and Petukov [52] for water under turbulent regime.  

 Blasius [50] equation for the turbulent region 

For Re≤ 2 ×104 

𝑓𝑓 = 0.316 𝑅𝑅𝑅𝑅−0.25                                     (22) 

For Re≥ 2 ×104 

𝑓𝑓 = 0.184 𝑅𝑅𝑅𝑅−0.2                      (23) 

 Petukov [52] equation for the turbulent region 

𝑓𝑓 = (0.79 𝑙𝑙𝑙𝑙(𝑅𝑅𝑅𝑅) − 1.64)−2                        (24) 

For 3000 < Re < 5×106. 

 Fang et al.[51] equation for the turbulent region 

𝑓𝑓 = 0.25 �𝑙𝑙𝑙𝑙𝑔𝑔 � 150.39
𝑅𝑅𝑒𝑒0.98865 −

152.66
𝑅𝑅𝑒𝑒

��
−2

                           (25) 

For 3000 ≤ Re ≤ 108. 
The friction factor of the water versus the Reynolds numbers is displayed in Figure  4 (b). This demonstrates that the 

predicted friction factor agrees with the above-mentioned studies with an average variation of (1.80) %. 

5.2 Thermal and Hydrodynamic Characteristics 
Figure 5 (a) and (b) depict the findings of the turbulent convective HTC of (0.5, 1, and 2) vol. % the hybrid Nano-fluid 

employing multiphase (mixture) model along the plain and wavy wall tubes. It can be seen that HTC overpredicts at 𝜑𝜑 = 2% in 
both tube types. However, the estimated average HTC was higher for wavy wall tube than the plain tube. It was observed that 
the average enhancement in HTC obtained from 2% Fe3O4-MgO/H2O hybrid Nano-fluid is (151.6) % through the wavy tube and 
(113.6) % along the plain tube.  This trend is similar to the findings of other researchers [42,53,54]. The hybrid Nano-fluid 
boosted the heat transfer more significantly than the pure water due to the potent interactivity among the nanoadditives. Also, 
the crucial reasons of the enhancement in HTC could be due to the significant increment of the thermal conductivity of hybrid 
Nano-fluid than the conventional fluid. Further, the heat transfer boosted with augmented the ratio of nanoadditives 
concentrations. The acceleration of the energy exchange process is another mechanism that affects the HTC enhancement due to 
the chaotic motion of hybrid nanoadditives. The irregular motion can flatten the temperature distribution and lead to a sharp 
temperature gradient between the wall and hybrid Nano-fluids. Thus, the HTC between the hybrid Nano-fluids and wall would 
be enhanced [55]. 
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Figure 4: Validation of the (a) average Nusselt number, and (b) friction factor 

A further fundamental parameter of HTC improvement is the generation of secondary flow in the diverging areas, as clearly 
shown in Figure 7 (a,b, and c). The swirl flow improves the mixing of the hot fluid near the wall with cold fluid in the tube's 
central region and thus enhances the heat transfer. Also, these recirculation regions explain the advantages of the wavy geometry 
over the conventional tube in improving the HTC. Figure 7 (a,b, and c) depicts the turbulence intensity, which is boosted in the 
diverging zones due to eddy formation. Additionally, the random micromotion of nanoparticles enhances the momentum 
exchange and, consequently, boosts the turbulence intensity, further enhancing the heat transfer. The irregular micromotion 
develops with raising the volume concentrations of nanoadditives. This agrees with the most recent literature [3,56,57] . 

Figure 6 (a) and (b) display the predicted friction factor outcomes inside the plain and wavy tubes at different Reynolds 
numbers. It can be noticed that the estimated friction factor increases with rising volume concentrations and is disproportional 
with the Reynolds numbers through both used tubes. Also, the Fe3O4-MgO/H2O hybrid Nano-fluid generates a higher friction 
factor than base fluid, yet the estimated outcomes are within the acceptable limit. This trend occurs because of the small velocity 
boundary layer thickness and a slight increase in the viscosity ratio [53]. Additionally, at low Reynolds numbers, the maximum 
increment of friction factor values was (4.6, 6.6, and 10.2) % in the plain tube, and (43.8, 49.2, and 56.5) % in the wavy tube at 
volume concentrations (0.5, 1, and 2) %. It was seen that the wavy tube's friction factor is considerably greater compared with 
the traditional tube due to the role of amplitudes, which increases the pressure drop; this leads to increasing the pumping power 
consumption. 
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Figure 5: Heat transfer coefficient of hybrid Nano-fluid and water at various concentrations versus Reynolds  

                          number inside (a) plain tube, and (b) wavy tube 
 

5.3 Hydrothermal Performance Indicator (HPI) 
The designers always look forward to improving any system's hydraulic and thermal properties, improving the HTC, and 

reducing pressure losses. The proportion of the heat transfer for the Nano-fluid to the conventional fluid at an identical power 
consumption is known as the hydrothermal performance indicator (HPI) and can be expressed by: 

𝐻𝐻𝑃𝑃𝐻𝐻 = �𝑵𝑵𝑵𝑵𝒏𝒏𝒏𝒏
𝑵𝑵𝑵𝑵𝒏𝒏

� . �𝒏𝒏𝒏𝒏𝒏𝒏
𝒏𝒏𝒏𝒏
�
−𝟏𝟏/𝟑𝟑

                                     (26) 

The impact of hybrid Nano-fluid on the HPI at different volume fractions is illustrated in Figure  8 (a) at low Reynolds 
number (3916) and Figure 8 (b) at high Reynolds number (31331). The outcomes reveal that HPI of the hybrid Nano-fluid 
augments with increasing the nanoparticles volume fractions at low and high Reynolds number in both tested tubes. Nevertheless, 
the computed HPI in the wavy wall tube was fairly greater compared with the plain tube at (Re=3916 and 31331).  From Figure  
8 (a), the HPI was recorded as (1.6, 1.81, and1.91) and (1.48, 1.63, 1.93, and 2.35) for the nanoadditives fraction of (0, 0.5, 1, 
and 2) % in the plain and wavy wall tubes, respectively. Meanwhile, the HPI was reported as (1.53, 1.87, and 2.27) in the plain 
tube and (1.09, 1.59, 1.92, and 2.41) in the wavy tube, at similar volume concentrations, as displayed in Figure  8 (b). Based on 
the findings, the highest achievable HPI of Fe3O4-MgO/H2O flowing through a wavy wall tube is (2.41) which belongs to the 
2% volume fraction at Re=31331. Thus, the nanoadditives volume concentration of 2 % is the desirable choice for the designers 
in providing the best favorable improvement in heat transfer. 
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Figure 6: Friction factor of hybrid Nano-fluid and water at various fractions versus Reynolds number along  

                          (a) plain tube, and (b) wavy tube 

 
Figure 7: Contours of turbulence intensity at concentration (2%) and Re = 3,916 
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Figure 8: Hydrothermal performance indicator of hybrid Nano-fluid inside the plain and wavy wall tubes  

                            with different volume fractions at (a) Re = 3916; (b) Re = 31331 

5.4  Nanoparticles Volume Fraction Contours 
The main merit of the multiphase (Mixture) approach is the prediction of the volume concentration distribution. Figure  9 

(a-f) depicts the volume fraction distribution contours of 2% Fe3O4 + MgO /H2O hybrid Nano-fluid at Reynolds number of 
(31,331), along various cross-sections (a to f) of the wavy wall tube. Phase 2 and phase 3 represents Fe3O4 and MgO 
nanoadditives, respectively. The migration of nanoadditives is almost identical at low and high Reynolds numbers along the 
different cross-sections. This could be attributed to the similar diameter of MgO and Fe3O4 nanoparticles. Thus, the distribution 
of nanoparticles is not influenced by the sorts of nanoadditives. Such findings are in good agreement with [34,58]. Also, the 
lower Reynolds numbers provide a more uniform distribution of the nanoadditives with the base fluid than higher ones along the 
tube. Increasing the Reynolds number to (31,331) led to the possibility of clustering and distribution of nanoparticles in the tube 
center, as depicted in Figure 9 (a-f). At the highest Reynolds number, the diverging and converging zones promote the migration 
of nanoadditives to the wall due to the generation of eddies in the diverging areas, which led to increase the turbulence energy, 
as shown in Figure 7 (a,b, and c). Consequently, boosting the heat transfer by reducing the surface temperature of the wall. The 
thermophoresis forces and Brownian motion could justify the nonuniformity in nanoparticle distribution. These forces may 
disturb the cross-sectional distribution of nanoparticle volume concentration. Thermophoresis happens intensely close to the 
wall, whereas the Brownian motion occurs everywhere in the cross-section [59,60]. 
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Figure 9: Contours of nanoparticles volume fraction distribution at  𝜑𝜑 = 2% and 𝑅𝑅𝑅𝑅 = 31,331 along  various cross-sections 

                 (a - f) 

(a) 

 

(b) 

 

(a) (b) (c) (d) (f) 

 

(c) 

(e) 
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Figure 9: Continued 

6. New Correlations 
The Nusselt number plays a vital role in the prediction of the heat transfer for hybrid Nano-fluids. Recently, many articles 

were published on some correlations to estimate the friction factor and Nusselt number for  hybrid Nano-fluids [51,61-65]. Such 
correlations are only workable for the studied Nano-fluids or the base fluid and can be implemented for particular types of Nano-
fluids, ranges of Reynolds numbers, and volume concentrations. 

The general equations are given by: 

 𝑁𝑁𝑢𝑢 = 𝑎𝑎 𝑅𝑅𝑅𝑅𝑤𝑤𝑃𝑃𝑟𝑟𝑥𝑥𝜑𝜑𝑦𝑦𝐴𝐴𝑅𝑅𝑧𝑧  (27) 

 𝑓𝑓 = 𝑎𝑎 𝑅𝑅𝑅𝑅𝑤𝑤𝜑𝜑𝑦𝑦𝐴𝐴𝑅𝑅𝑧𝑧  (28) 

Where  𝑎𝑎,𝑤𝑤, 𝑥𝑥,𝑦𝑦 𝑎𝑎𝑙𝑙𝑎𝑎 𝑧𝑧   are constants and depend on specific discussed cases of each author. The terms (1 + 𝐴𝐴𝑅𝑅) and (1 +
𝜑𝜑)   may appear for plain tube and base fluid correlations (when 𝜑𝜑 and 𝐴𝐴𝑅𝑅 = 0), respectively. Also, it was found that some 
authors neglect the dependence of Nusselt number on volume concentrations, including Huang et al. [64]. In this regard, new 
correlations were developed according to Eqs. (27) and (28) to validate the numerical friction factor and Nusselt number for the 
hybrid Nano-fluid. The new suggested correlations are expressed as: 

(d) 

(f) 

 

(e) 
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 𝑁𝑁𝑢𝑢 = 0.000121 𝑅𝑅𝑅𝑅0.869𝑃𝑃𝑟𝑟2.918(1 + 𝜑𝜑)22.213(1 + 𝐴𝐴𝑅𝑅)0.489  (29) 

 𝑓𝑓 = 0.263 𝑅𝑅𝑅𝑅−0.24(1 + 𝜑𝜑)8.147(1 + 𝐴𝐴𝑅𝑅)0.551  (30) 

The above-proposed correlations Eqs. (29)and (30) can be applied for hybrid Nano-fluids or base fluid under the turbulent 
flow condition with 0.5% ≤ 𝜑𝜑 ≤ 2 % and Reynolds number ranging from 3,916 to 31,331 for wavy and plain tubes. It was 
noticed that the current correlations were in good agreement with the obtained numerical findings with the maximum variation 
of ± 10.7 % and ± 6.4 %, respectively, as depicted in Figure 10 (a) and (b). Thus, the current correlations can be useful in 
estimating the thermal and hydrodynamics characteristics for a particular volume fractions of hybrid Nano-fluid.   

 

 
Figure 10: The numerical versus predicted (a) Average Nusselt number, and (b) friction factor based  

                          on the  new correlations 

7. Conclusion 
This numerical research investigated the thermal and hydrodynamics behavior of the turbulent flow condition of a new 

hybrid Nano-fluid by employing a two-phase mixture approach. A mixture of Fe3O4 and MgO nanoparticles in pure water is 
considered with a volume concentration range of (0.5% ≤ 𝝋𝝋 ≤ 2%) inside the uniformly heated 3D wavy and plain tubes model. 
The following outcomes are obtained: 

• Augmenting the Reynolds number enhances the HTC and lowers the friction factor along both tubes. 
Also, the HTC enhancement appears to be more pronounced at 𝝋𝝋  = 2% in both tube types. However, the 
estimated average HTC of the wavy wall tube is higher compared with the conventional tube.  
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• It was observed that, at volume concentrations (0.5,1, and 2) %, the average enhancement in HTC is 
(68.7, 102.1, and 151.6) % along the wavy tube; and (59.4, 80.4, and 113.6) % along the plain tube, 
respectively.  

• The highest attainable HPI of the hybrid Nano-fluid through a wavy wall tube is (2.41), which belongs to 
the 2% volume concentration at Re=31,331. 

• New correlations were suggested for a specific volume fraction of the hybrid Nano-fluid. 
Nomenclature 

AR Amplitude ratio �2𝒂𝒂
𝑫𝑫
� 

𝒂𝒂 Amplitude (mm) 

𝑫𝑫 Diameter (mm) 

Pr Prandtl number 

𝐍𝐍𝐍𝐍 Nusselt number 

𝑷𝑷 Pressure (𝑘𝑘𝑔𝑔 𝑚𝑚−1 𝑠𝑠−2) 

𝑹𝑹𝑹𝑹 Reynolds number 

𝑻𝑻 Temperature (𝐾𝐾) 

𝒏𝒏 Friction factor 

𝒈𝒈 Gravitational acceleration (𝑚𝑚 𝑠𝑠−2 ) 

𝒕𝒕 Time (𝑠𝑠) 

𝑵𝑵 Velocity (𝑚𝑚 𝑠𝑠−1) 

 

Greek letters  

λ Wavy-length (mm) 

𝝁𝝁 Dynamic viscosity(𝑘𝑘𝑔𝑔 𝑚𝑚−1 𝑠𝑠−1) 

𝝆𝝆 Density(𝑘𝑘𝑔𝑔 𝑚𝑚−3) 

𝝋𝝋 Volume concentration (%) 

Subscripts 

av. Average 

eff  Effective  

𝒏𝒏 Base fluid 

𝒏𝒏𝒏𝒏 Nanoparticle 

𝒏𝒏𝒏𝒏 Nano-fluid 
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