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H I G H L I G H T S  A B S T R A C T

• The double finite sine transform method was
utilized to obtain exact buckling solutions for
thick plate problems

• The method simplified the problem to
algebraic ones since the sinusoidal function
satisfies the boundary conditions

• The buckling solutions aligned with exact
solutions for thick plates

   This paper derives buckling solutions for single variable thick plate buckling 
problems using the double finite sine transform method (DFSTM). The problem 
governing partial differential equation (GPDE), originally formulated by Shimpi 
and others, uses a refined plate theory (RPT) and accounts for transverse shear 
deformations, rendering it applicable to thick plates. The thick plate is simply 
supported and subjected to (i) uniform uniaxial compressive load in the x 
direction. (ii) uniform biaxial compressive load in the x and y axes. The DFSTM 
was applied to the GPDE, and the problem transformed into an algebraic 
equation, which was simpler in this case due to the Dirichlet boundary conditions 
satisfied by the sinusoidal kernel of the DFSTM. Analytical buckling solutions 
were determined for the two considered cases of uniaxial and biaxial 
compressive loads in terms of the buckling modes, Poisson’s ratio (µ), and 
thickness (h) to least dimension (a) ratio. Critical buckling loads (Pcr) determined 
at the first buckling modes agreed with previously obtained Navier solutions for 
Mindlin, Reddy, and Refined plates. Pcr calculated for ratios of h/a equal to 0.01 
converged to the solutions obtained using Kirchhoff-Love plate theory (KLPT), 
illustrating the applicability of the GPDE to thin and thin plate buckling. 
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1. Introduction
Determining least loads causing buckling failures in plates under in-plane compressive forces is an important research

theme vital to effective plate analysis and design. The buckling problem has been very well discussed in the context of several 
theories of plates, such as the Kirchhoff-Love plate theory (KLPT), shear deformation theories, and refined plate theories 
(RPTs). KLPT neglects shear deformation and thus does not apply to thick plates where shear deformation plays a significant 
role [1–3]. KLPT overestimates the buckling load capacities of thick plates and is thus unsafe for such plates. The limitations 
of KLPT led to the development of shear deformation theories by Mindlin [4], Reddy [5-6] and refined theories by Shimpi [7] 
and Shimpi et al. [8] to account for shear deformation and render the formulations applicable to thick plates. Mindlin’s first-
order shear deformation plate problems were studied by Nwoji et al. [9-10], Ike [11-12]; Norouzzadeh et al. [13] and Bao et al. 
[14]. 

Composite and functionally graded material (FGM) plates have been studied by Do et al., [15], Soltani et al. [16], Kumar 
and Singh [17], Hadji and Arcar [18], and Mohseni and Naderi [19]. Mindlin’s theory is a first-order shear deformation theory 
needing shear correction factors. Reddy’s theory is a third-order shear deformation theory that does not need shear correction 
factors as shear stress-free boundary conditions are satisfied in the Reddy formulation. Reddy’s theory, however is a set of five 
coupled PDEs with five unknown displacement variables, rendering it very complex for solutions. Shimpi’s RPT is a 
displacement-based theory that is variationally consistent and has been formulated in terms of two displacement variables in 
Shimpi [7] and in terms of a single variable in Shimpi et al., [8]. Onyeka and Mama [20] used the direct variational energy 
approach for the bending analysis of plates. In another research, Onyeka and Okeke [21] used the polynomial shear 
deformation theory to analyze thick rectangular plates with clamped and free edges. Onyeka and Okeke [22] studied thick 
plates using refined shear deformation theory and energy method. Onyeka et al., [23-25] have used energy methods for thick 
plate problems under buckling and bending. Recent studies by Onyeka et al., [26-28] considered thick rectangular plates with 
various edge support conditions. 
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Onah et al., [29] used the stress function method to derive elastostatic solutions to thick circular plate bending problems. 
Singh and Kumar [30] studied the buckling response of functionally graded plates (FGP) modeled using a refined hyperbolic 
shear deformation theory (RHSDT). Their formulated equations considered higher-order effects of shear, normal stress 
deformations, and thickness stretching. They used both polynomial and hyperbolic functions to obtain a parabolic distribution 
of shear stresses across the thickness, thus ensuring that the formulated boundary value problem satisfied the shear stress-free 
boundary conditions at the top and bottom surfaces of the plate. Thus, the shear modification factor was eliminated. The finite 
element method and MATLAB code were used to solve the resulting BVP. Convergence studies were used to illustrate the 
effectiveness of the solutions and validation of the results. 

Nareen and Shimpi [31]  have also developed solutions for thick plates using refined hyperbolic shear deformation theory. 
Ferreira and Roque [32] used the radial basis function method for solving thick plate problems but did not consider rectangular 
thick plate buckling problems. Gomaa et al., [33] used finite element techniques to solve thick isotropic plates but did not 
consider buckling analysis. Zargaripoor et al., [34] used an exact wave propagation approach to solve the eigen vibration and 
eigen buckling problems of thick plates within the framework of the third-order shear deformation plate theory. They obtained 
exact solutions using the method. Malikan and Nguyen [35] used a single variable first-order shear deformation theory to solve 
biaxial stability problems of plates based on Eringen’s nonlocal elasticity approach. Zhong and Qu [36] analyzed clamped 
rectangular thick plate bending problems but did not consider buckling. Literature review shows several methods used to solve 
the plate buckling problems include Navier, Levy, Generalized integral transform, and approximate or numerical methods like 
the finite element, finite difference, and variational methods. 

Reddy and Phan [37], Deepak et al., [38], Timoshenko and Gere [39], Thai and Choi [40], Srinivas and Rao [41], and 
Hashemi et al., [42] have used Navier method for buckling analysis of simply supported thick plates. For simply supported 
plates, the Navier method and occasionally the Levy method have been used by Timoshenko and Gere [39]. Galerkin methods 
have been used for thin plate buckling problems by Onyia et al., [43-44] and by Oguaghamba and Ike [45]. Their studies did 
not extend to thick plates. Single finite integral transform methods have been used by Onah et al. [46] and Onyia et al. [47] for 
thin plate buckling solutions for CCSS and SSCF and SSSS plates, respectively. They obtained analytical solutions that are 
exact within the framework of the thin plate buckling theory adopted. Ike et al., [48] used the generalized integral transform 
method to solve the thin SSCC plate buckling problem and obtained exact solutions. Nwoji et al., [49] obtained exact buckling 
solutions for simply supported thin plates using DFSTM. They did not study thick plate buckling. Oguaghamba and Ike [50] 
used the single finite Fourier sine transform method (SFFSTM) for the natural frequency analysis of flexural vibrations of 
Kirchhoff plates.  

Mama et al., [51] used the SFFSTM for the exact bending solutions of rectangular Kirchhoff plates submitted to triangular 
load distribution. However, the double finite sine transform method (DFSTM) has not been used to solve the single variable 
plate buckling problems (SVPBPs) presented in this paper. This paper thus presents DFSTM for solving SVPBPs with simply 
supported edges and for uniaxial and biaxial compressive loads. 

2. Governing Equations
The displacement field components of the single variable plate buckling theory (SVPBT) are formulated using only one

unknown uz as given by Equations (1,2) and (3) [7,52]: 
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where ux, uy, and uz are displacements in the x, y, and z directions, respectively. uzb is the bending component of uz. G is the 
shear modulus, D is the modulus of flexural rigidity, and h is the plate thickness. The material forces are [7]: 
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where Mxx, Myy, are the bending moments, Mxy is the twisting moment, and Qx, Qy are shear force distributions µ is 
Poisson’s ratio and∇2 is the two-dimensional Laplacian. 
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2 2x y
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∇ = +
∂ ∂  (8)  

2.1 Governing Partial Differential Equations of Equilibrium (GPDE) 
For the plate shown in Figure 1, which is subjected to a combination of in-plane forces Px (acting in the x direction), Py 

(acting in the y direction), and Pxy (acting in the xy direction), and a transverse distributed load of intensity q(x,y), the equations 
of equilibrium are [7]: 

Figure 1: Thick plate under combined in-plane forces and transverse forces 

0xyxx PP
x y

∂∂
+ =

∂ ∂  (9) 

0xy yyP P
x y

∂ ∂
+ =

∂ ∂  (10) 

2 22

2 22 xy yyxx M MM
x yx y

∂ ∂∂
− + =

∂ ∂∂ ∂

2 2 2

2 22( , ) z z z
xx xy yy

u u u
q x y P P P

x yx y
 ∂ ∂ ∂

− + + + 
∂ ∂∂ ∂       (11) 

Substituting Equations (3) – (5) into Equation (11) gives, after simplification: 
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where ∇4 is the biharmonic operator. 
From Equation (13), the governing equation of equilibrium of the SVPBT is: 
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where k is the shear force distribution. 
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3. Formulation of the Double Finite Sine Transform (DFST) of the GPDE
The problem considered in this paper is shown in Figure 2, which is a simply supported thick plate under in-plane forces

Pxx and Pyy only. 

Figure 2: Simply supported thick plate under biaxial loading 

Thus, 0,xyP =  0( , ) .q x y =  The GPDE is then: 
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Applying the DFST method [18] gives: 
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By the linearity properties of the DFSTM, [18] the equation simplifies as follows: 
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Each integral in Equation (17) can be further simplified. Thus, 
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Where, zbU  is the DFST of zbu
Similarly, 
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Then, by substitution, the transformed equation is: 
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For nontrivial solutions, 0zbU ≠

Hence, 
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4. Results and Discussion
Case 1: 0,yyP =  0xxP P= −
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P0 is critical when 1,n =  1.m =  
Hence, 
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For square plates, / 1( )a b =  
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Hence, 𝑃𝑃𝑐𝑐𝑐𝑐𝑎𝑎2 /𝜋𝜋2𝐷𝐷 depends upon (h/a) and can be computed if (h/a) is known. Values of 𝑃𝑃𝑐𝑐𝑐𝑐𝑎𝑎2 /𝜋𝜋2𝐷𝐷 for 𝜇𝜇 = 0.30 and 

/ 0 01. ,h a =  / 0 05. ,h a =  / 0 1. ,h a =  and / 0 2.h a =  are calculated using Equation (33) and presented in Table 1 together with 
values from previous researchers. Table 1 shows excellent agreement between the present SVPBT results and the results of 
previous researchers who used Mindlin, Reddy, and Refined plate theories. 

Case 2: 0xx yyP P P= = −  
Then Equation (25) becomes: 
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The least buckling load occurs when 1,m =  1,n =  and is found as: 
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For square plates / 1( ) ,a b =  and 
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For 𝜇𝜇 = 0.30, the critical buckling load, Pcr is 
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Thus, in this case  𝑃𝑃𝑐𝑐𝑐𝑐𝑎𝑎2 /𝜋𝜋2𝐷𝐷 depends upon (h/a) and can be computed if (h/a) is given. Values of   𝑃𝑃𝑐𝑐𝑐𝑐𝑎𝑎2 /𝜋𝜋2𝐷𝐷 for 

 ℎ/𝑎𝑎 = 0.01, ℎ/𝑎𝑎 = 0.05, ℎ/𝑎𝑎 = 0.10, and ℎ/𝑎𝑎 = 0.20 are determined using Equation (40) and presented in Table 2 with the 
values from previous researchers using other plate theories and Navier’s method. Table 2 illustrates the excellent agreement 
between the present SVPBT solution and the results of previous researchers who used Mindlin, Reddy, and Refined plate 
theories. 

This paper uses the double finite sine transform method (DFSTM) to derive the solution for the single variable plate 
buckling problems (SVPBPs) under uniform uniaxial and uniform biaxial compressive loads. SVPBPs formulated by Shimpi et 
al., [5] is a refined plate theory derived from a a single unknown displacement variable. The governing partial differential 
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equation (GPDE) takes account of shear deformation and is thus applicable to thick plates. The DFSTM adopted in this work 
transforms the GPDE into an algebraic problem for simply supported plates, which is simpler to solve. 

Closed-form solutions were found for two cases: uniform uniaxial compression load in the x direction and uniform biaxial 
compression load in the x and y directions. In both cases, analytical expressions were derived for the eigenvalues in terms of m, 
n, the kernel function parameters of the integral transform, and the plate geometrical features viz thickness, h, and a, plate in-
plane dimension. It is found that critical buckling load corresponds to the least value when 1,m n= =  and are found in terms of 
h /a. Non-dimensional critical buckling loads were computed for Poisson’s ratio of 0.30 and varying h /a values and tabulated 
in Tables 1 and 2, respectively, for the two cases considered. Tables 1 and 2 were also used to compare the present results with 
previous results from other theories. 

Tables 1 and 2 illustrate the agreement of present results with previous results of Hashemi et al., [42] using Mindlin 
theory, Reddy and Phan [37] using Reddy theory, and Thai and Choi [40] using Refined plate theory (RPT). Tables 1 and 2 
further show the convergence of the present and previous results to the KLPT results when / 0 01.h a =  illustrating the 
applicability of the SVPBT to thin plates and thick plate buckling analysis. Tables 1 and 2 are represented graphically as 
Figures 3 and 4, where Figure 3 is the graph of the buckling coefficient Kcr plotted against a /h for the uniaxial buckling case, 
and Figure 4 is the graph of Kcr plotted against a /h for the biaxial buckling case. Figures 3 and 4 illustrate the very close 
agreement between present and previously obtained thick plate. 

 

 
Figure 3: Graph of variation of Kcr with  a /h for uniaxial buckling of thick plate where 𝐾𝐾𝑐𝑐𝑐𝑐 = 𝑃𝑃𝑐𝑐𝑐𝑐𝑎𝑎2 /𝜋𝜋2𝐷𝐷  

 
Figure 4: Graph of variation of Kcr with a /h for biaxial buckling of thick plate where 𝐾𝐾𝑐𝑐𝑐𝑐 = 𝑃𝑃𝑐𝑐𝑐𝑐𝑎𝑎2 /𝜋𝜋2𝐷𝐷 
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Table 1: Critical buckling load coefficients of a simply supported square plate under uniform uniaxial compression 
 load (for 𝜇𝜇 = 0.30) 

 0,xxP P= −  0,yyP = 0xyP =  

Reference/Theory / 0 01.h a =  / 0 05.h a =  / 0 10.h a =  / 0 20.h a =  
Present study SVPBT 4.0000 3.9444 3.7864 3.2637 
Mindlin (Hashemi et al., [42]) 4.0000 3.9444 3.7864 3.2637 
RPT (Thai and Choi., [40]) 4.0000 3.9443 3.7865 3.2653 
Exact (Srivinas and Rao., [41]) 4.0000 3.9110 3.7410 3.1500 
Reddy (Reddy and Phan, [37])  3.9443 3.7865 3.2653 
SVSPT (Deepak et al., [38]) 4.0000 3.9444 3.7864 3.2637 
KLPT (Timoshenko and Gere., [39]) 4.000 0 4.0000 4.0000 4.0000 

  
Table 2: Critical buckling load coefficients of a simply supported square plate under uniform biaxial compression 

       load (for 𝜇𝜇 = 0.30) 

 0,yy xxP P P= = −  0xyP =  

Reference /Theory / 0 01.h a =  / 0 05.h a =  / 0 10.h a =  / 0 20.h a =  
Present study SVPBT 2.0000 1.9722 1.8932 1.6319 
Mindlin (Hashemi et al., [42]) 2.0000 1.9722 1.8932 1.6319 
RPT (Thai and Choi., [40]) 2.0000 1.9722 1.8932 1.6327 
Reddy (Reddy and Phan, [37]) 2.0000 1.9722 1.8933 1.6327 
SVSPT (Deepak et al., [38]) 2.0000 1.9722 1.8932 1.6312 
Exact (Srivinas and Rao., [41]) − − − − 
KLPT (Timoshenko and Gere., [39]) 2.0000 2.0000 2.0000 2.0000 

5. Conclusion 
In conclusion, the DFSTM has been used to derive analytical buckling load solutions to simply supported plates using 

single variable refined plate buckling theory formulated by Shimpi et al., [5]. The DFSTM transforms the GPDE from simply 
supported boundaries into algebraic problems, which are easier to solve. For both cases of uniform uniaxial compressive 
loading in the x direction and uniform biaxial compressive loads, analytical expressions were determined for the buckling loads 
for any buckling mode m, n. Critical values of the buckling loads found at 1,m =  1,n =  showed agreement with previously 
obtained values that used Mindlin theory, Reddy theory and RPT. The solution showed convergence to thin plate buckling 
solutions when / 0 01. .h a =  

Notation / Nomenclature 
x, y in-plane Cartesian coordinates 
z transverse Cartesian coordinate 
ux displacement component in x direction 
uy displacement component in x direction 
uz displacement component in z direction   
G shear modulus 
D modulus of flexural rigidity 
Mxx, Myy    bending moment 
Mxy      twisting moment 
Qx, Qy      shear force distributions 
µ       Poisson’s ratio  
∇2       two-dimensional Laplacian  
Pxx       in-plane force acting in the x-direction 
Pyy       in-plane force acting in the y-direction 
Pxy       in-plane twisting force 

( , )q x y   transverse distributed load intensity 
∇4      biharmonic differential operator  

bzu           bending component of uz  
h      thickness of plate 
a, b      in-plane dimensions of plate  

bzU       double finite sine transform of 
bzu   

x
∂
∂

   partial derivative with respect to x 

2

2x
∂
∂

      second partial derivative with respect to x 
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y
∂
∂

 partial derivative with respect to y 

2

2y
∂
∂

 second partial derivative with respect to y 

2

x y
∂
∂ ∂

 mixed partial derivative with respect to x and y 

DFST double finite sine transform 
DFSTM double finite sine transform method 
GDPE governing partial differential equation 
RPT  refined plate theory 
KLPT Kirchhoff-Love plate theory 
RPT  refined plate theories 
CCSS rectangular plate with two clamped edges and two simply supported edges 
SSCF rectangular plate with two simply supported edges, one clamped edge and one free edge 
SSSS rectangular plate with four simply supported edges 
SVPBPs single variable plate buckling problems 
SVPBT single variable plate buckling theory. 
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