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Abstract

A composite, coupled, thin cylindrical-conical shell system made of polyester
resin reinforced by uniformly distributed, chopped, E-glass is analyzed using
Statistical Energy Analysis. Response displacement estimate of the two
subsystems are obtained due the excitation of the cylinder by a broadband white
noise of constant spectral density function. The paper is an attempt to study the
validity of the SEA hypothesis as applied to coupled built-up structures. This is
carried out by the comparison of response estimates of the coupled system in
different 1/3' octave frequency bands with those obtained from Finite Element
method. The outcome of this work shows that SEA is a powerful tool for the
vibration analysis of coupled systems at high frequencies when the number of
interacting coupled resonant modes is high. Percentage error obtained from the
comparison of results drops sharply as one goes further in frequency. This paper
recommends that the user of SEA must always be aware of the uncertainty of the
results obtained. The uncertainty may arise from the improper selection of
subsystems, coupling loss factors, and the number of interacting resonant modes
of the coupled system.
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Symbol Description (Units)

Pini Input power to subsystem | (Watts)

Piss, i Power dissipated in subsystem | (Watts)

Prrans, iJ Power transmitted from subsystem i to subsystem j (Watts)
E Total time averaged energy of subsystem i (Jouls)
n(w) modal density (modes per unit frequency)

w Frequency (rad/sec)

ni Dissipation loss factor of subsystem i

C. Longitudinal wave speed (m/sec)

S Surface area of flat plate (m)

t Thickness of flat plate (m)

Y Young's modulus (N/f

Y Poisson's ratio

f Frequency (Hz)

fring Ring frequency of cylinder (Hz)

F Frequency band factor

Zm Mechanical impedance

N Coupling loss factor between subsystems i and |
Pa Mass per unit area (kgfin

Cs Bending wave speed (m/sec)

T Transmission coefficient between subsystem 1 and 2
X Thickness ratio

m Total mass of subsystem (kg)

I ntroduction

oday, Statistical Energy

Analysis (SEA) is considered

as one of the most famous
energy-based methods that provides
estimate of large and complex
structures to broadband forces in
terms of gross system parameters in
simple explicit formulae without
going into great technical details.
The word”Statistical” means, that the
variables are drawn from statistical
population and all results are
expected values.
"Energy” refers to the independent
dynamical response variable which
is common to the acoustical and
mechanical systems; in principle, all
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other mean-squared quantities can be
derived from it. The word
"Analysis” means that SEA is more
a general approach rather than a
particular technique. The principle
idea in SEA is that the structure
under broadband excitation is
partitioned into coupled
"subsystems” and the stored and
exchanged energies are analyzed [1],
[2], [3]. Three main assumptions are
made in the hypothesis of SEA.
First, the average of power flow
between two coupled multi-mode
systems excited by wide band forces
is proportional to the difference in
their average total energies. This is
an ad hoc extension of an exact
relationship for two coupled
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oscillators [4]. Second, the rate of
energy dissipation by a subsystem is
proportional to the stored energy of
that subsystem. Third, the energy
stored in a subsystem is distributed
uniformly among the modes. In this
work a coupled, composite, cone-
cylinder shell structure made of three
layers of polyester resin reinforced
by uniformly distributed, chopped,
E-glass is analyzed using SEA in a
two subsystems model. The system
is clamped at the free end of the
cylinder. The structure is assumed to
be isotropic due to the selected type
of reinforcement [10]. The
configuration of the coupled system
used in the present study is chosen
because of the following reasons;
first, it has wide range of
applications in the mechanical,
marine, aeronautical, chemical, civil
and power Engineering and second,
no similar previous work, in
particular, is shown in the literature.
The effectiveness of SEA, as an
analysis tool, will be verified by the
comparison of results with those
obtained from Finite Element
method.

Statistical Energy Analysis model

A composite cylindrical shell of 2
mm thickness is welded to a
composite conical shell of the same
thickness to form a two-subsystem
coupled structure. The cylinder
(subsystem 1) has a length of 300
mm and a mean radius of 75 mm.
The conical part (subsystem 2) has a
length of 70 mm and small mean
radius of 25 mm. The coupled
system is shown in Figure (1). The
cylindrical part (subsysteml) is
excited by a broadband white noise
of constant power spectral density
function in different 1/8 octave
frequency bands. The SEA model is
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constructed using the
relations:

The subsystems energies and input
powers are related by the following
matrix equation [1],

following

{Pin}=w[AkE} @

Equation (1) gives the relationship

between the power injected
vector{Pin } and the vector of total
subsystems energies of

vibration{E}. [A] is a matrix of
energy influence coefficients in the
relevant frequency band having a
center frequencw, and the symbol
(") indicate time averaged quantity.
In SEA a power balance equation is
written for each sub-system, so that,
for sub-system i,

Bin,i =Bdiss,i +Btrans, ij .(2)

The power balance equation means
that the input power into the sub-
system i equals to the summation of
power dissipated due to damping in
sub-system i,Pdissi and the power

transmitted from sub-systems i to
sub-system j, Prans, jj » through

the coupling between sub-systems i
and j. The power dissipated by
damping at any subsystem can be
written as-

Pdissi =aniEi ..@3)
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Where/p; is the damping (internal)

loss factor of sub-system ki
represents the total stored energy in
sub-system i, (according to SEA
hypothesis, total energy equals to
twice of kinetic energy as resonant
vibration is assumed). The equation
for the net power transmitted from
sub-systemsitojis

Ptrangj =aijEi —an;i Ej

Where, 57j; .17 i are the coupling

loss factors from subsystems i to |
and from subsystems | to i
respectively and it depends on the
type of connection between sub-
systems, the material properties, the
dimensions of the system and the
center frequency of the bandy
(rad/sec). Coupling loss factor is a
measure for how much energy is
transmitted between coupled
subsystems [5].

The equation for the power flows

Bin,i between sub-systems 1 and 2

under typical conditions are
expressed as follows

i
(E’n)waz +a¥m(§-5) (5)

The coupling loss factong;; andny

are related by the following
consistency relation,
N1712 = N2 21 --(6)

Where n; and n, are the modal

densities of sub-systems 1 and 2
respectively. Modal density is one of
the main parameters that describes a
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subsystem. It is defined as the
average frequency spacing between
modes or the number of modes per
unit frequency (rad/sec in this case).
The equation of power injected into
sub-systems can now be written as:

Ei1_ E
(Pin) =, E1 +Cd712“1(1'2]
np N2

()
Es_E1
Rz M
A frequently encountered situation,
(as in the present), is when one sub-
system is directly driven by an
external force and the other coupled
sub-system is driven only through

the coupling. Then, equations (7)
reduces to, [3],

(a)z =wpE2+ 01721”2[

Ex E;1
0=any,E2 "'60721”2(—‘—)

R)= wszszﬂ(E‘ Ee

.. (8)

is known as the energy

E .
Where, hall

n;
density of sub-system i which has the
units of Joules/mode. The modal density
of flat plate in flexural vibration is given

by [7]:

(w)_i

2mC | -(9)
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Where, C | is the longitudinal wave

speed, S is the surface area of plate,
and t is the plate thickness. The
longitudinal wave speed in flexural
motion is defined as,

Y
C = |—
" T p(1-0?)

Where Y is the Young's modulus,
v is the Poisson's ratio armlis the
material density. Although it has
been derived for the prediction of
modal density of a flat plate,
equation (9) has wide range of
structural applications. It is used to
calculate the modal density of the
conical shell having the same surface
area as that of the flat plate
(subsystem 2) [1]. The modal density
of subsystem 1 (the cylindrical part)
is obtained using the following
relations [6]:

n(f )plate _
n( )cylinder
for Ming < 0.5
= 14( flfmg)  for

0.5 < f/fnng < 0.8 e .(10)

8 [FeosysF(f/f,))
(F-UP |- cosyB2(F/ £, )

for flfing >0.8.
Where nf) = 2nn(w), fig = CL
/(2rr), is the ring frequency of
cylinder where r is the mean radius
of cylinder.F denotes the frequency
band factor which has the value of
1.22 for 1/3 octave frequency bands
and the value of 1.414 for octave
frequency bands. In the present
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work, the average modal density is
calculated in different 1/3 octave
frequency bands of interest.

The time average input power to a
general multi-modal system can be
written as [6],

~2
WhereM denotes the mean square

value of the excitation. The real part
of drive—point mechanical

impedancimof a cylinder of

thickness t and mass per unit apga
in flexural vibration is [7]:-

Yt3pa

12\1- 0?2

...(12)
The coupling loss factar;, between
flexural mode groups for line
junction between two flat plates is
evaluated by Lyon [1] and Cremer
al [7]. It is conveniently given in
terms of the wave transmission
coefficient, T1,, (the ratio of
transmitted power to the incident
power). For a line junction of length
L, it can be written as,

Re{fm}= 8

n 2C B L7 12
12 mw S q
...(13)
Equation (13) reveals that the

coupling loss factor depends on the
surface area of the driven

subsysteny and the bending wave
speed G. Where;
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CB =4/ 18C|_tf

f is the center frequency of the 1/3

octave frequency band in Hz. The
normal incidence  transmission
coefficient for two coupled flat

plates is given by [8]:-

le(o) :2{4/2 "‘l//%]_z ....(15)

..(14)

Where;
3/ 5
Y = paC %/%tlf (16)
p2C étzé

p1 andp, are the mass densities of
platesl and 2 respectively, dnd §
are the thickness of plates 1 and 2
respectively. The random incidence
transmission  coefficient 7, is

approximated by:

2.754 X
T, =15, )1+3 o7 % ...(17)
Where;
t
x = -1 . (18)
to

Equation (17) is used, with some
approximation, to evaluate the
coupling loss factor between
cylindrical and conical shells having
the same surface areas as the two
coupled plates [9]. When all the
steps are followed correctly and all
variables are defined carefully and
then fed to the SEA matrix equation
(2), the output will be the total
vibrational energies E) that are
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stored in the coupled subsystems.

The vibrational displacement
estimates (p) are then obtained from
energy  estimates using the
relationship:

D; ....(19)
Where, mis the total mass of

subsystemi, and wis the centre
frequency of the band

It should be noted that the
dissipation loss factong; andn, are
obtained from a previous work [10]
under academic supervision by the
author. A journal paper containing
the work has been submitted and it
should be published in due time. The
experiments are done by exciting
each subsystem individually by an
impact hammer and inferring the
average modal damping ratio, using

the conventional half power
bandwidth method [2], on the
experimentally constructed

frequency response functions. The
set-up is a composite cylinder-cone
coupled system made of chopped E-
Glass reinforced polyester resin. The
measured value of average modal
damping ratio of the coupled
subsystems is found to be about 2%.
Note that, at resonance, the value of
dissipation loss factor is calculated
as twice that of damping ratio [2].
Material properties of the composite
structures, such as Young's modulus,
density and Poisson's ratio are
experimentally  obtained  using
samples of such a structure and
found to be 3.964 Gpa, 1369 kg/m
and 0.45 respectively [10]. All
experimental data described above
are used in SEA model.



Eng. & Tech. Journal, Vol.29, No.2, 2011

The Estimation of Random Response of a
Coupled Cylindrical-Conical shell System
Using Statistical Energy Analysis

A computer program for a two-
subsystem Statistical Energy
Analysis model is constructed
according to the theory described
above. Results of the displacement
response of the coupled system due
to the randomly exciting system 1
(cylinder) are obtained in different
1/3* octave frequency bands
centered at 315 Hz to 20000 Hz. A
constant value of 10000 “Nmean
square value is selected for the
excitation in all the frequency bands.
The results are shown in figures (7),
(9) and (10). It should be noted that
each data point on those curves
results from averaging of many
values over the frequency band of
interest and also it is a spatial
average of many response, and
excitation locations on the coupled
system.
Finite Element model

A  Finite Element random
vibration analysis is performed on
the coupled system under
consideration, (shown in figure (1)),
using the PSD module ofAnsys
finite element package. The cylinder
(subsysteml) is excited by a random,
white noise, loading having a
constant spectral density value and a
mean square value of 10000. Mn
8 node, six degrees of freedom
shell63 element is chosen for the
analysis  after performing a
convergence test. Random vibration
analysis is chosen rather than any
other types of analyses because the
basic hypothesis of SEA assumes
that the excitations of all modes of
the coupled system are equally
probable. A typical modal picture for

the coupled structure  under
investigation is shown in figure (2).
The picture is obtained by

performing harmonic analysis with
an arbitrary harmonic force of 1000
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N applied at subsystem 1 and an
overall average modal damping of
0.2%. The modal picture reveals low
modal overlap factor at low
frequencies and high modal overlap
factor as one travels further in
frequency. The Modal overlap factor
is a measure of the number
overlapped modes in the frequency
bands of interest. It is a function of
dissipation loss factor, modal density
and centre frequency of the band.
Figures (3)-(6) show the number of
interacting resonant modes in
selected 1/8 octave bands at low
and high frequencies. Random
response (displacement) estimates
are predicted numerically in different
1/3% octave frequency bands
centered at 315 Hz to 20000 Hz and
the results are shown in Figure (7),
(8) and (9).
Results and discussions

As stated earlier, the purpose of
the present study is to indicate the
effectiveness of Statistical Energy
Analysis as a technique for the
prediction of vibration response
estimate of coupled multi-modal
structures. This is done by the
comparison of SEA outcome with
the numerical results obtained from
Finite Element method. SEA
response estimates (displacement) of
the coupled cone-cylinder structure
are shown in figure (7). The figure
displays the vibrational displacement
of each subsystem in the form of
frequency and spatial averages in
different 1/ octave frequency
bands. It is shown clearly that the
energy of the directly excited
subsystem 1 is always greater than
that of subsystem 2 which is
receiving an indirect excitation. A
difference of 4-6 dB is noted
between the displacement estimates
of the coupled subsystems in all the
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frequency bands. The corresponding
results obtained from FEM are
shown in figure (8). Similar

observation is noted for the

difference between the energies of
the coupled systems. Finite Element
Method is considered by the
researchers as one of the most
trusted, certain approximate
methods. It performs the analysis in
the basis of mode by mode
calculations. On the other hand, SEA
predicts the response estimate in the
form of vibrational energy of a

coupled subsystem in an overall
manner, without going into great
technical details, in a quick and
smart procedure that is favorable to
Engineers especially in the early
stages of design. Although SEA is
attractive approach it hides some
degree of uncertainty. An attempt
has been made by the author of the
present work [11] to explore and
guantify  the uncertainty in

applications of SEA to different one

dimensional and two dimensional
multi-modal  systems. However,
reasonable findings have been

obtained concerning the uncertainty
in applications of SEA, but lots of
research works yet to be done in this
area to encourage researchers that
are using SEA.

The comparison between FEM and
SEA displacement response
estimates of subsystem 1 is shown in
figure (9). The agreement between
results obtained from the two
methods is good at the bands whose
centre frequencies are high. SEA
response estimate approaches that of
FEM as the frequency increases. The
reason behind this behavior is
attributed to the increase in modal
densities of the coupled systems
which leads to an increase in the
number of the interacting, coupled
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resonant modes in the frequency
band of interest as shown in the
typical high modal overlap picture of

figure (6). The large discrepancies
between the results shown at low
frequencies are due to the lack in the
number of the coupled resonant
modes. Examples of the modal
pictures at low order frequency
bands are shown in figures (3), (4),
and (5) where only one or two modes
(low modal overlap factor) are exist
in the frequency bands of interest.
The small number of modes is
obviously not sufficient for the

energy sharing process between
coupled subsystems. This is
considered as one of the drawbacks
in application of SEA.

Similar trends, as above, are noted in
figure (10) when comparing the

displacement estimates that are
obtained from SEA and FEM for

subsystem 2.

To support the statement described
above, percentage errors between
SEA and FEM is obtained. It is

calculated as,

‘SEAestlmate F!EM estlmath 100
FEM estimate \

...(20)

% Error =

The percentage errors of
displacement estimate in the
different 1/ octave frequency

bands are displayed in figure (11).
The figure shows that low order
frequency bands results exhibit high
percentage errors compared with
those obtained in the high order
frequency bands for both coupled
subsystems. This is attributed to the
number of interacting resonant
frequency modes involved in the
analysis.

Concluding remarks
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The main concluding remarks
obtained from the present work can
be summarized as follows:

1. Statistical Energy Analysis
is a powerful tool for the prediction
of random response, in mid and high
frequencies, of coupled multi-mode
systems in simple explicit formulae
without going into great details as
other methods do. The penalty of the
apparent simplicity of this approach
is that the accuracy of response
prediction for any individual
practical system is subject to
uncertainty. One of the important
sources of uncertainty relates to the
center frequency and analysis band,
i.e. the number of coupled resonant
modes involved in analysis (modal
overlap factor)

2. The comparison of response
estimates obtained from SEA
calculations agree well with those
obtained from FEM analysis at mid
and high frequencies.

3. The percentage error
obtained from the comparison of
SEA and FEM displacement drops
sharply as the frequency increases.
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Subsystem 2

Figure (1): Coupled con-cylinder structure
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Figure (2): Harmonic response of co-cylinder structure. F=1000 N, damping
ratio, (=0.2%
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Figure (3): Singleresonant modein the 1/3'* octave band centered at 315 Hz, (low
Modal Overlap Factor)
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Figure (4): Singleresonant modein the 1/3' octave band cantered at 400 Hz, (low
modal overlan factor).
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Figure (5): Many resonant modesin the 1/3"® octave band centered at 2000Hz,
(high modal overlap factor)
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Figure (6): Frequency and special averaged SEA estimates of displacement of the
coupled cone-cylinder structurein different 1/3' octave frequency bands.
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Displacement (dB)
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Figure (7): Frequency and specially averaged FEM estimates of displacement of
the coupled cone-cylinder structurein different 1/3" octave frequency bands.
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Figure (8): Comparison between FEM and SEA estimates of vibrational
displacement of the excited subsystem 1 in different 1/3" octave frequency bands.
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Figure (9): Comparison between FEM and SEA estimates of vibrational displacement
of theindirectly excited subsystem 2 in different 1/3" octave frequency bands.
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Figure (10): The Estimated percentage errors of displacement response of coupled
subsystems obtained from the comparison of SEA and FEM results.
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