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Abstract

The aim of this paper is to present a new framework for studying capacities and

twofold integral from a point of view of two-valued logic. In this framework, we
propose equivalent definitions of capacities and twofold integral that may be more
easily interpretable. First, we define a logical capacity, then, we propose definition of
logical twofold integral with respect to logical capacities based on the two-valued
logic.

Keywords: Capacities, Fuzzy integrals, Twofold integral, Fuzzy logic, Two-valued
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1. Introduction

Aggregation operators are used for
a large variety of purposes (see eg.,
[5], [14]). Due to these needs, different
families of aggregation operators have
been defined. Choquet integral and
Sugeno  integral are  powerful
aggregation operators that are specially
appropriate when criteria are not
independent but there exist some
interaction  between them. These
operators combine the information
taking into account a capacity (or fuzzy
measure). This capacity permits to
express the interaction between the
criteria.

Recently, Torra [13] proposed the
twofold integral that generalizes both
Choquet and Sugeno integrals. This
new operator combines the evaluation
of each criteria with respect to two
capacities. One capacity corresponds to
the Chogquet integral and the other
corresponds to the Sugeno integral.

The aim of this paper is to construct
a different approach from [13] for
introducing alternative definitions of
capacities and twofold integral from a
point of view of two-valued logic by
considering the fact that the degree of
membership in sense of fuzzy logic can
be taken only two truth values, 1 to be
true and O to be false. Accordingly, we
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define a logical capacity, then, we
propose definition of logical twofold
integral  with respect to logical
capacities based on the two-valued
logic.

This paper is organized as follows.
In the next section we recal basic
definitions of usual capacities and
twofold integral. In Section 3 we
present logical capacities. Then in
Section 4, we propose our aternative
approach logical twofold integral based
on the two-valued logic. The paper
finishes with some conclusions.
Throughout the paper, we denoteR as
the set of all real numbers, R, the set
of al non-negative real numbers,
R =RE{-¥,¥} isthe
extended real ling, and
R ={xI R|x30}; the universal
st X denotes a finite st of
neements (states of nature, criteria,

individuals, etc), and
2" ={A|Al X}.
2. Usual capacities and twofold

integral

In this section we give some basic
definitions of wusual capacities and
twofold integral.

Usual capacities on some finite
universe are special monotone set
functions defined in the following way
(see, eg. [2], [S]).

Definition 1, [5]: A capacity on X isa
set function m:2* ® [0,]] satisfying
the following requirements

(i) m(f)=0and m(X) =1.

i) "ABI2*, Al B
n(A) £ n(B).

implies
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The twofold integral was introduced
by Torra in [13]. Its definition of a
finite universal set is as follows (see,
[13]).

Definition 2, [13]: Let m. and my be

two capacities on X , then the logical
twofold integral of a function
h: X ® [0]] with respect to the

capacities m, and m is defined by:
T (1) = ALU(0K)) UM(A)

(nlt(A&(i))' na:(A&(iﬂ)))] (1)
where  h(x;,) indicates that the

indices have been permuted so that
O£h(xs(l))£...£h(xs(n))£1 , U is
the maximum, U is the minimum, and

Ay =%y e Xt with  the
convention A, =f.

3 Logical capacities

Remark: Heregfter, to simplify
notation, we assume a finite universe
of discourse X ={1,...,i,...,n} instead

of X ={X,...,X .0, X }.

In classical sat theory, the notions
“dement”, “set” and the rdation “is an
dement of” ae  wdl-described
concepts. Thus, a simple statement
describing whether a particular dement
having a certain property belongs to a
particular set defines set. The
characteristic function Mg (i)
(equation (2)) of a crisp set B assigns
a value of ether 1 or O to each
individual in the universal set
X ={1,...1,..,n} thereby
discriminating between members and
nonmembers of the crisp set under
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consideration.
My =12 iff il B, )
st 1o iff il B.

On the other hand, if B is a fuzzy
subset of X, then M;(i)is usualy
called the membership function of B,
and the values it assumes are grades of
membership of an element i in B. We
will say that [0, 1] is the degree of
membership, where 1 is the full
membership and O represents the zero
degree of membership of beng
member. If we consider “the degree of
membership” to be “the degree of
truth” and takes only two truth values,
1 to be “true” and O to be “false”, then
this characteristic function M(i)
(equation 2) is based on a two-valued
logic.

The interpretation and notation of
the dements and sets of the universal
set are as follows.

Let B besubset of the universal set.

« If i is member of B(M;(i)=1),
then the dement i is interpreted as the
true dement and represented asi’ inB.
«If i isnonmember of B(M;(i)=0),
then the dement i is interpreted as the
false dement (i.e, represents the zero
degree of truth of being true) and
represented as i”in B.

« A set for which M;(1)=0, "i is
represented  as  {17,..,n"}. This
corresponds to the empty set f in
usual set theory.

« A set for which M;(i)=1, "i is
represented as{1',..,n'}.  This

corresponds to the universal se¢ X in
usual set theory.
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For example, suppose the universal set
containing three dements, then, in its
subset B={1',2",3"}} which is
concedes with ({1, 3}) in the usual
notation, the meaning of each dement
is as follows. The dement 1 is member
of B, the dement 2 is non-member of
B, and theement 3 is member of B.
Hereafter, for convenience, we denote
the universal set which is based on

two-valued logic by
X ={1,.,n1,..n}.

Definition 3 Let
X' ={1,.,n"1",..n"} be the

universal set which is based on two-
valued logic. A complementary set

Cl X'is st which  have
complementary eements (A
complementary eement for i'is

i" and vise wise).
A non-complementary set D1 X'is a

set which does not have
complementary eements.

For example, if n=3 then
C={1"1",2"3"} is complementary
se¢  while D={1',2"}is non-

complementary set.

Definition 4: A basic st BT X'isa

set which is non-complementary set

with the n eements(|B|=n)). That

is, a basic s&t is a set which contains

only i’ ori" forali,(i=1,...,n).

In other words, a basic set is a set of

binary alternative.

For example, if

{1",27 ,3",4"} isbasic sat.
The set of all Complementary sets

of X" is denoted by L and the set of

all basic setsof X is denoted by B .

N =4then
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Definition 5: Let B be the st of all

basicsetsof X and B,,B,T B. Then,
B, I B, holds iff i" T B, implies i”
ori'l B," i.

Now, based on the definitions and
notations mentioned above, we give
the definition of logical capacity from
a point of view of two-valued logic as
follows.

Definition 6 : (Logical capacity) Let
B bethe set of all basic setsof X . A

set function n:B ® [01] is called
logical capacity if it satisfies the
following requirements:

@) mf)=m@a",...,nF)=0 and
mf)=m(1",..,n")=1.

(i) " B,B,1 B, B B,implies
m(B,) £ m(B,).

4 |ogical twofold integral

In this section, we propose twofold
integral model based on the two-valued
logic of a measurable function (h).The
basic idea underlying this modd is
each input value of a measurable
function h(i) expressed by the true

value h(i") (itsdf) and the false value

h(i") (its complement) for all i, and
we treat the two values as different
variables in the representation of
twofold integral.
4.1 Input Values of h (h(i") ,h(i))
Let X is the universal set and h a
measurable function (alternatives, acts,
gc) onX . Then, for il X, h(i)is
the utility or score of h with respect to

criterion i. The representation of
twofold integral depends on
determination  h(i)for il X. To

determine the measurable function
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h(i)in the new framework “logical
twofold integral”, we consider each
input value of h(i) becomes a true

h(i") = h(i)
complementh(i®), and we treat the
two input h(i")and h(i")as different
variables in the representation of
logical twofold integral.

Mathematically we tranglate this by:
Let the universal set of logical twofold
integral inputs be
X ={1,.,n" 1 ,..n} and
h: X" ® [0]]. The input value is
converted  from  h(i)T [0]into
h(i™)T [01] and h(i")T [0]] such
that hi")+h(i") =1
“conversion functions”:
h(i") =h(@i)and h(i") =1- h(i")

.. (3

4.2 Assignment of logical capacity
values (1)

In the assignment of logical capacity
over the universal set, thereare 2" sets

and all these sets are basic sets. Hence,
the logical capacity on the set of al
basic sets (B) of X generally require
2" parameters. The logical capacity
() for sets not containing basic sets
and complementary sets containing
basic sets (which are described in
section 3) are assigned as follows:

1. Sets not containing the basic set (i.e.
not containing the binary alternative)
are assigned 0. For example

whenn=3, m{1',2°})=0.

2. Assignment of logical capacity value
of complementary st C  which
include basic sets is sum of assignment

input and its

using
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of true basic set B, and false basic set
B, asfollows

- " Cl L, $B,B,1 C suchthat:
0 C=BEB,.

0 B, and B, arebasic sets.

olfi'T Candi" 1 Ctheni' T B andi T B,.
olfi'T Candi" T Ctheni' 1 Biandi'1 B,.
olf i"I Candi”1 Ctheni" 1 B andi" 1 B,.

- Assignment of logical capacity value
of complementary set C equals to
Sum of assignment of basic set B, and

assignment of basic set B, :
mMQ)=n{B)+n(B). (4)
For example, if
n=3,C={1,2"2" 3
thenB, ={1",2" 3"},

B, ={1',2",3},
and

n.({lT ,2T ’2F ,3F}) -

m{1",2",37}) + m{T',2",37}).
4.3 Definition of logical twofold
integral

Here, we propose the definition of
logical twofold integral, which is
equivalent expression of usual twofold
integral (Definition 2), although being
based on a different structure. The
logical twofold integral of a
measurable function h with respect to
logical capacities m. and m,we will
denote by T, .. (h), and define as
follows.
Definition 7: Let m. and m be two
logical capacities on X , then the
logical twofold integral of a function
h: X ® [0]] with respect to the

logical capacities m. and my is
defined by:

T () =8 [O(() Um(Aq,)

(rrb(As(j)) - rrb(As(jﬂ)))] (5)

where,  h(s™),....h(s™),....h(s")

are the input values of h (after
conversion) such that

h(s™) £ ... £ h(sl>) for all
sP,.Lst T X, peen, Py, 1 {T,F},
and Ay, ={s]’,...s}with the
convention A,y =f .

The following numerical example
illustrates the logical twofold integral
with respect to logical capacities M.
and my.

Example 1: We consider the universal
set containing two dements and let

my({17,27}) = m ({17,2°}) =0,
m({1',2°})=0.8,

m({1",27}) = 0.4,

m({1".2"}) = 06,

rrb({lF ,2T}) =0.7, and
m({1,2'}) =m({1',2'}) =1.

Then calculation of the output values
for h(1)=0.3 and h(2) =0.8 is as
follows.

From the conversion functions
(Equation (3)),

h(lT) =0.3, h(lF) =0.7,
h(2T) =0.8, h(2F) =0.2.

Then, after ordering of values in

increasing order and applying the
formula (5) we get
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Trom, (M= (h(27) Um({1",2" 27 17}))
(m({1".27,2° 1)) - m({1".2" 17}))
+ (h(2F) Um({1",2" 27 17}) U

(h@") Um({1",271%}))
(m({1".2"17}) - me@",2'})) +
(h(2F) Umy({1",27 27 1F}) U
(h(I") Umy({1,2" 17) U (h(t") U
ms({17,2"})) (m({17.2"}) - m({2"})
+(h(2F) Umg({1",2" 2 17}) U (h") U
my(@",2",17}) U (h(1") Um({17,2"}) U
(h2") Ums@MN(M({2'}) - m({f}))

= (02U (my({1",27}) + m({17,27})

(M (17.27}) + m, (27 27)) - (m ({1 .2"))
+m (1°.27) + (02U (m({1" 2'}) +
me(17,2})) U(0.3 U (my({1' 2"}) +
my(1F,2°}))) (M ({17.2"}) + m. (1 2°))
- m (I 2') + (02U (my({1’ 27)) +
my(1",2°}))) U(03 U (my({1".2"}) +

me (@ 17)) U (0.7 U (my ({27 ,27}))

(m({17.2"}) - me({2'}) +0
= 0.58.

5. Conclusions

In this work we have studied the
capacities and twofold integral from a
point of view of two-valued logic. We
have trandated the vagueness of fuzzy
logic (in fact, two-valued logic) to the
ambiguity of capacity, and then
proposed logical capacity and logical
twofold integral. Trandlation from
ambiguity to vagueness is important
because vagueness is an easier
fuzziness to handle than ambiguity
when taking technological applications
into consideration [8]. This fact is
evidence for clarifying the usefulness
of the proposed framework.
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