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Abstract 
     In this paper, a root finding method due to iterative method is used first to the 
solution of Kepler's equation for an elliptical orbit.  Then the extrapolation 
technique in the form of Aitken −∆2 acceleration is applied to improve the 
convergence of the iterative method. 
     In addition, by making use a new improvement to Aitken's method enables one 
to obtain efficiently the numerical solution of the Kepler's equation.  The speed of 
the proposed algorithms is compared using different values of eccentricity )( e  in 
the range )1,0(∈e   and for given mean anomaly (M). 

Keywords: Kepler's equation; Iterative method; Aitken's method, extrapolation 
technique. 

 خوارزمية محسنة لحل معادلة كبلر للمدار الاهليجي
  الخلاصة

يجاد الجذر بالنسبة الى الطريقة التكرارية لحل لأتم استخدام اولاً طريقة , في هذا البحث     
لأتكن ) 2Δ -تعجيل ( تم تطبيق أسلوب الاستكمال بشكل .  معادلة كبلر في المدار الاهليجي
  .لتكراريةلتحسين الاقتراب في الطريقة ا

تم أستخدام تحسين جديد لطريقة أتكن للحصول على حل عددي كفوء لمعادلة , أضافة الى ذلك
في ) e( تم مقارنة سرعة الخوارزميات المقترحه بأستخدام قيم مختلفة للانحراف الشاذ .  كبلر

. Mمع قيمة مقترحة للانحراف المتوسط , e∋)1,0(المجال  

1. Introduction
The iterative on the solution of

the Kepler problem is extensive.  
There is a large number of 
researchers were devoted to its 
solution in numerical form 
[1,2,45,7,10]. 
     Nowadays, papers on Kepler‘s 
equation and its solution are still of 
scientific interest (see e.g. [3,6,8]) 
and it shall be in the future. 
     In this paper, we will discuss the 
solution of Kepler‘s equation in the 
conventional form, 

  0sin)( =+−= EeEMEf …(1)   
and for elliptic orbits. 
     Since the elliptical orbit is 
periodic, then solution of eq.(1) is 
considered with π20 ≤≤ M for 
which the solution will be similarly 
bounded, π≤≤ E0 . 
     Note that, there is no restriction 
on the values of the eccentricity 

)( e  is considered.  Indeed, from the 
point of view of celestial mechanics, 
Kepler‘s equation has no sence for 
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)1,0[∉e  , therefore the ranges for 
)( e  is taken to be )1,0( . 

2. Solutions of Kepler‘s Equation 
    It is well known that Kepler‘s 
equation can be solved by means of 
an iterative method defined, in a 
natural way, from the equation itself.  
This method yields to the unique 
solution if the eccentricity is in the 
range of the elliptic orbits.  In [11], 
Newton method was used to solve 
Kepler‘s equation while Thomas [9] 
used Gauss method to solve Kepler‘s 
equation which depend on Picard 
type iteration.  A root –finding 
method due to Laguerre [4] was 
applied to the solution of the kepler 
problem.In addition, Danby [13] and 
Serafin [11] described numerical 
solution for solving Kepler‘s 
equation.                        
      In this paper, Aitken‘s  
acceleration technique with an 
improvement is applied to find the 
solution of kepler equation. 
2.1 The Iterative Method 
      The solution proceeds with the 
choice of a successive approximation 
algorithm and an appropriate starting 
value for the iteration, which we will 
call oE . 
     The iterative method uses the 
following scheme: writing Kepler‘s 
equation eq.(1) in the form [2]: 

EeME sin+=    …(2)                         
and obtaining a first approximation 

oE . 
      In numerical experiments, the 
following typical starting values 
tested are considered [2], 
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In experimenting, found that simply 
replacing 0=oE by other starting 
values reduced the iterations.    
The eccentric anomaly initial guess 

oE  that will be used in this paper is:                        

MeM
MeMEo sin)(sin1

sin
++−

+=  …(3)          

Then precede further the procedure 
as indicated below: 
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Remark: 
Aitken −∆2 Acceleration [12] will 
be applied in this paper to find an 
approximate solution for Kepler‘s 
equation as well as an improvement 
to Aitken −∆2 Acceleration is 
considered here which allowed some 
improvement at each step.   
2.2 Aitken −∆2 Acceleration 
     Aitken's method is a way of 
solving KE quickly and accurately 
enough that astronomers might make 
repeated calculations for determining 
orbits. Given )( e  an M , taking  

oE from eq.(3), then calculating  

12
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EeME
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and using  
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as the solution of KE. In general, 
when an iteration 

)(1 nn EE θ=+  
where                         

,....1,0,sin)( =+= nEeME nnθ    
leads to a linearly convergent 

sequence { }nE , one method of 
improving the convergence is to use 
extrapolation in the form of Aitken 

−∆2 acceleration. 
Let the sequence { }nE be defined by 
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…(5)     
     Equivalently eq.(5) for 
acceleration the convergence can be 
written as 
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or in terms of the forward difference 
operator ∆ , as 

 
 

and hence the name 
−∆2 acceleration. 

2.3 The Improved Aitken's  
Method 

      In this section, the improved 
Aitken's method is proposed.  It will 
show the difference in the number of 
iterations required to converge to a 
given accuracy. 
     The improved Aitken's method 
uses the following scheme: 
     Given e  and M  , taking 

oE from eq.(3), then calculating 
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where oE is determining using eq.(3) 

while 1E , 2E are determining from 
eq.(4). 

     Then define the improve value E   
using 

oEEE
EEEE
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)(       …(7)              

     In general, the improved 

sequence {E } can be defined by: 
 

1,0,
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                                                 …(8)  
3. Results and Conclusions  
    Newton‘s method for iterative 
solution of equations is a standard 
technique.  The procedure of 
Newton‘s method provides correct 
values of the true anomaly, but can 
take a large number of iterations, 
especially for large values of 
eccentricity.    The method becomes 
unstable for certain values of mean 
anomaly and eccentricity.  For 
certain kinds of function, the method 
either does not converge, or 
generates very large values before 
converging.  The efficient the 
algorithms described in section two 
in solving Kepler‘s equation.  As 
shown in table (1) giving the number 
of iterations required for the 
algorithms to converge to E∆ <10-
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9.  In every algorithm the starting 
value is         

MeM
MeMEo sin)(sin1

sin
++−

+=

and the number of iterations required 
is noted for each (e-M) pair of 
starting values, where e is varied 
from 0.1 to 0.9 in steps of 0.1 and M 
is 151.7425 deg. 
    Clearly, the numbers of iterations 
increase as e approaches to 0.9. 
     Note the remarkable 
improvement in the number of 
iterations required when the 
improved Aitken's method was used.  
Finally, table (1) shows the value of 
mean anomaly lies in the range of           
151.7425 ≤  E  ≤  151.7425+e. 
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Table ( 1 ) shows the number of iterations needed to converge by four 

algorithms 

e E 
Number of iterations 

Newton Iteration Aitken Mod. Aitken 

0.1 154.23320094 75 8 1 - 

0.2 156.34097686 170 14 4 2 

0.3 158.14199629 230 21 6 3 

0.4 159.695403729 290 26 8 5 

0.5 161.04707996 328 31 9 6 

0.6 162.23279417 400 38 14 7 

0.7 163.28065271 450 48 13 8 

0.8 164.21294339 480 87 35 19 

0.9 165.04750916 550 165 66 46 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure (1) The relation between eccentricity (e) and mean anomaly (E) 
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