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Abstract  
166320 hypothetical reinforced concrete (RC) columns, each with a different 

combination of variables, were used to investigate the major variables that affect the 
flexural rigidity (EI) of slender RC columns. Using linear regression analysis, new EI 
expression was statistically developed for 131 slender RC columns. These columns were 
experimentally tested and available in the literature. This proposed EI expression were 
introduced into the ACI 318M-05 Code column design procedure to make comparisons 
between 150 column experimental data with theoretical estimates of the nominal 
strength using theoretical other methods. These estimates include, in addition to the pro-
posed EI expression, other calculations from the literature. 

Keywords: building codes; columns; flexural strength; reinforced concrete; rigidity; 
   slenderness ratio; statistical; structural design. 

 معامل الجساءة لألعمدة الخرسانية النحيفة
 الخالصة

وتم استخدام   عموداً افتراضيا من الخرسانة المسلحة وحللت  إنشائيا166320تم استحداث 
. عمدة الخرسانية النحيفةالنتائج إحصائياً لدراسة العوامل الرئيسية المؤثرة على معامل الجساءة لأل

 عمود خرساني مفحوصة مختبرياً ومتوفرة في المصادر، 131باستخدام التحليل االرتدادي الخطي لـ 
تم مقارنة نتائج الفحص لهذه المعادلة مع . تم استحداث معادلة جديدة لمعامل جساءة العمود الخرساني
-ACI 318M(ى الكودين العالميين األمريكي عدد من المعادالت المقترحة لبعض الباحثين باإلضافة إل

تم إنشاء مخططات تصميمية .  عمود مختبري150مع نتائج فحص ) BS 8110-97(والبريطاني ) 05
  .لهذه المعادلة المقترحة
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1-Introduction: 
Recently slender buildings and slen-
der building components have become 
more common. At the same time, the 
development of concrete technology 
has made possible the production of 
high strength concrete (HSC) which is 
mainly used for construction of rein-
forced concrete (RC) compression 
members.(3) Thus, there is an in-
creased need for research on RC col-
umns-especially HSC and slender 
ones. The ACI 318M-05 Code(1) per-
mits the moment magnifier approach 
for design and analysis of slender RC 
columns, ACI 318M-05 Chapter 10, 
Clauses (10.10, 11, 12 and 13), Eqs. 
10-11 and 10-12, (Eqs. 1 and 2 in this 
research). In contrast, the British 
Standard (BS 8110-97)(4) permits the 
additional moment approach for de-
sign and analysis of slender RC col-
umns, BS 8110-97 (Eq. 32 of this 
Standards)*. However, these expres-
sions are quite 
 * eadd = βa k h  
where βa = (ℓe/b′)2 / 2000 and  
k = (Po-Pu)/(Po-Pb)≤1 

approximate when compared 
with the values derived from load-
moment-curvature relationships as 
indicated in the Commentary of refer-
ence (1). A statistical analysis of the 
ratios of theoretical EI to EI used by 
the ACI Code for all slender columns 
studied as part of this investigation 
confirmed that the variations in the 
ACI 318M-05 and the BS 8110-97 EI 
expressions are high. The understand-
ing of slender column behavior has 
been greatly enhanced during the past 
30 to 35 years,(10) and analytical pro-
cedures have become available to ac-
curately model the slender RC column 
strength and stiffness. However, these 
procedures are generally too complex 
to be efficiently used in normal calcu-
lations in design offices. As a result, 

                                                   
* eadd = βa k h  
where βa = (ℓe/b′)2 / 2000 and  
k = (Po-Pu)/(Po-Pb)≤1 

several computer studies were con-
ducted to develop EI design equations 
for slender columns.(2, 3 & 9) However, 
these studies did not consider the full 
range of variables that affect the flex-
ural rigidity of slender concrete col-
umns. This work was undertaken to 
determine the influence of a full range 
of variables on the effective flexural 
rigidity of slender tied RC columns. 
166320 hypothetical slender square 
columns, each with a different combi-
nation of specified values of variables, 
were used to determine the major fac-
tors that affect the column rigidity of 
the slender column, Table (1). The EI 
expressions were then statistically 
developed using 131 experimentally 
tested columns available in the litera-
ture for use in slender column de-
signs. The studied columns were bent 
in symmetrical single curvature, in 
nonsway frames. These were sub-
jected to short-time loads. The mo-
ment magnifier approach specified in 
the ACI Building Code was devel-
oped for this type of column. The ef-
fects of different end restraints, load-
ing conditions, and lateral supports 
are accounted for in the ACI Building 
Code through the use of effective 
length factor k, equivalent uniform 
moment diagram factor Cm, and sus-
tained load factor βd. 
The studied columns are graphically 
represented in Fig. 1. They are similar 
to those investigated earlier by Mac-
Gregor et al.(7) These columns were 
chosen because the errors in k, Cm and 
βd factors would not affect the accu-
racy of the EI expressions derived in 
the later part of this paper. Design 
charts for calculating the effective 
rigidity factor were presented. 
Research Significance 

Based on evaluations of the 
parameters that affect the flexural ri-
gidity of slender RC columns, EI ex-
pression is proposed for slender col-
umn designs. The ACI 318M-05 
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Code’s expressions of the flexural 
rigidity (Eq. 1) and (Eq. 2) use con-
stant values for calculating the effec-
tive flexural rigidity EI for the slender 
column. This may led to inaccuracies 
in calculating the effective flexural 
rigidity (EI).(3) 
 
EI = 0.2 Ec Ig + Es Ise / (1 + βd)        (1) 
EI = 0.4 Ec Ig / (1 + βd)                   (2) 
Eqs. (1 and 2) have a significant dif-
ference between their values to pre-
dict the flexural rigidity EI for the 
slender column. Eq. (1) is more con-
servative than Eq. (2) for small values 
of compressive concrete strength with 
low quantity of steel ratios. The in-
creasing use of HSC in highrise build-
ings has increased the need for more 
accurate strength evaluation of slender 
RC columns. 
A modified version of this expression 
will take the form: 
 
EI = α Ec Ig +  Es Ise                          (3) 
 
In which α is a dimensionless reduc-
tion factor (effective rigidity factor) 
which depends on a number of vari-
ables that affect the stiffness of slen-
der columns. 
Rearranging Eq. (3), the value of α 
can be expressed as: 
 
α = (EI – Es Ise) / Ec Ig                     (4) 
The bending moment relationship at 
midheight of the column is:(9) 
 

           (5) 
 
In which Mc is the bending moment 
capacity of a cross section which in-
cludes second order effects and Mend 
is the applied end moment calculated 
by a conventional elastic frame analy-
sis. 

Eq. (5) can be solved for Pc as: 
 

                       (6) 

 

In which                         (7) 
 
Equating Eqs. (6 and 7) yields: 
 

                      (8) 

 
Analysis of cross section strength 

The strength of a RC cross 
section is represented by an axial 
load-bending moment interaction 
curve. In this work, a number of mo-
ment-curvature diagrams were gener-
ated for various levels of axial load. 
The maximum moment obtained from 
the moment-curvature diagram for 
each axial load level defines one point 
on the cross-sectional capacity inter-
action curve. Mc could then be calcu-
lated easily for the desired end eccen-
tricity ratio e/h. 
To obtain the cross sectional capacity, 
various expressions have been pro-
posed to describe the stress-strain re-
lationship of concrete. The most sig-
nificant parameters affecting the 
shape of the stress-strain curve of con-
fined concrete for all section shapes 
were the ultimate compressive 
strength of the concrete, volumetric 
ratio and the yield strength of the con-
fining reinforcement.(14) Of these, the 
one suggested by Collins et al [men-
tioned in Ref (12)] shows a consider-
able promise, Fig. (2). Accordingly, 
the concrete stress fc is related to the 
strain εc by the expression: 

  
          (9) 
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where f ′c is the cylinder compressive 
strength and k3 is the reduction factor 
to relate f ′c to the in situ concrete 
strength. Based on test data, Collins et 
al have recommended that: 
 
k3 = 0.6 + 10 / f ′c ≤ 0.85               (9 a) 
 
n = 0.8 + f ′c / 17                         (9 b) 
 
k1 = 0.67 + f ′c / 62 

when εc / ε′c > 1.0           (9 c) 
 
k1 = 1.0 

when εc / ε′c ≤ 1.0           (3 d)  
 
ε′c = (f ′c / Ec) n / (n-1)                 (9 e) 
and 

               (9 f) 
 
The modulus of elasticity of 

concrete was taken as the function of 
the peak compressive strength 
( ) instead of Collins et 
al proposal of Eq. (9 f).(2) Noting that 
Eqs. (9) are expressed in terms of 
MPa. In addition, the effect of tensile 
stresses of concrete has been ignored. 
An elastic perfectly plastic stress-
strain curve was assumed for the rein-
forcing steel. The specified values of 
reinforcing steel yield strength and 
modulus of elasticity listed in Table 
(1) were used for computing the 
cross-sectional capacities. These as-
sumptions for concrete compressive 
strength and steel reinforcing bars 
were used by many researchers.(13) 
To investigate whether these assump-
tions of the theoretical model Eqs. (9) 
and reinforcing steel strength behavior 
have accurate results, tests results of 
19 experimental short columns (listed 
in ref. 2) have been compared with the 
theoretical results obtained by analyz-
ing these short columns applying the 

models for concrete strength and steel 
reinforcement. 
The theoretical strength-to-test 
strength ratio ranged from 0.89 to 
1.11 with a mean value of 0.999 and a 
coefficient of variation (COV) that 
equals 5 %. 
 
 
Effect of slenderness on column 
strength 

For a slender column bent in 
single curvature mode under equal 
eccentricities at both ends, Fig. (3), a 
second-order parabola has been sug-
gested to represent the shape function 
of the curvature line between the mid-
height and the ends of the column.(10) 
Quast(9) proposed an expression (Eq. 
10 a) to compute the lateral deflection 
at midheight of the RC slender col-
umn which is a conservative ap-
proximation of the results obtained 
from a numerical integration tech-
nique with maximum errors of the 
order of 6 %. 
 
Δm =  l2 (Øm + 0.25 Øe) / 10       (10 a) 
where 
Øe = P.e / (EI)end                        (10 b) 
Øm = P.(e + Δm) / (EI)mid            (10 c) 
 
A trial and error solution is required 
to solve Eq. (10 a). For a given level 
of axial load P, α is assumed equal to 
unity at the first iteration. 
Substituting Eqs. (10 b & c) into Eq. 
(10 a): 
 
Δm =  P l2 [(e + Δm) / EImid + 0.25 e /     
        EIend] / 10 
                                                ...(11) 
 
Iteration processes will be stopped 
when Δm converged. Using Eq. (4), α 
can be obtained. The axial load P is 
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also decreased as (α P) is introduced 
for the next iteration. 

The externally applied end 
moment was recorded against the cur-
vature at the midheight. The maxi-
mum moment from this diagram and 
the corresponding axial load define 
one point on the axial load-end mo-
ment Mend interaction curve of the 
slender column. A series of these 
points for different axial load levels 
defines the entire interaction curve 
that includes the effect of slenderness 
in the column strength. Mend could 
then be calculated easily for a desired 
end eccentricity ratio (e/h). 
To check the accuracy of the theoreti-
cal strength model for slender col-
umns, the partiality and variability 
were computed from test data avail-
able in the literature. The ratios of 
calculated to test strengths for 150 
available slender column tests(3) 
ranged from 0.5 to 2 with a mean 
value of 0.924 and COV of 29.79 %. 
 
Hypothetical Slender RC Columns 

In order to investigate the ma-
jor factors that affect EI of the slender 
RC column, it is important to study 
all factors that affect RC columns 
including material and geometric 
properties. Table (1) lists the factors 
which were used for generated hypo-
statical slender RC columns. 
Pin ended columns with equal load 
eccentricities on both ends acting in 
the same plane were considered. The 
analysis used can be divided into two 
parts: (a) the strength of cross section 
and (b) the effect of slenderness on 
column strength. 
Simulation of Stiffness Data for 
Columns Studied 

Since the dimensional toler-
ances in RC cross sections are inde-
pendent of the size, the deviations in 

actual strength of a slender column 
tend to become more significant as the 
cross section size decreases. This 
makes the columns with smaller cross 
sections more critical.(9) A (300 × 300 
mm) cross section was chosen in the 
present study because this size repre-
sents the smallest column cross sec-
tion usually employed in building 
construction.(10) 
166320 columns were used, with each 
column having a different combina-
tion of the specified properties of 
variables. The specified concrete 
strengths f ′c and reinforcing steel 
yield strengths fy used in this study 
[listed in Table (1)] represent the 
usual ranges of these variables em-
ployed by the construction industry.(5) 
The slenderness ratios ℓ/h selected 
were intended to approximate the 
range of ℓ/h for columns in nonsway 
frames designed according to ACI 
318M-05 Clauses 10-11.(1) Eleven end 
eccentricity ratios e/h ranging from 
0.05 to 1.0 were used, as indicated in 
Table (1). It is noted that the usual e/h 
values for columns in concrete build-
ings varies from 0.1 to 0.65.(11) Fi-
nally, the longitudinal reinforcement 
ratios ρs and steel arrangements for 
the column cross sections studied are 
listed Table (1). The steel ratios used 
cover the range of ρs commonly em-
ployed for concrete buildings.(5) 
The short time theoretical EI for each 
of the columns studied was computed 
from Eq. (8) using the interaction dia-
grams for the cross section and slen-
der column capacities described 
above. The effective rigidity factor α 
was then computed for each column 
from Eq. (4) using the theoretical EI. 
Finally, the simulated column stiff-
ness data were statistically analyzed 
for examining the current ACI column 
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stiffness equations for developing the 
design equations for EI expression 
proposed later. 
Development of proposed design 
expression for short time EI 

The effective flexural rigidity 
of a slender column is strongly af-
fected by cracking along its length 
and inelastic actions in the concrete 
and reinforcing steel. The flexural 
rigidity EI, therefore, is a complex 
function of a number of variables and 
does not lend itself to the derivation 
of a unique and simple analytical 
equation. Multiple linear regression 
analyses of the simulated theoretical 
stiffness data were conducted to 
evaluate EI expressions. The linear 
regression was chosen as a method of 
analysis since the objective was to 
develop accurate simple equations for 
EI. The variables used in this regres-
sion analysis are listed in Table (1). 
These variables were considered im-
portant because many researches es-
tablished the effects of these variables 
on strength and behavior of slender 
columns.(9) Axial load index [1 – 
(Pu/Po)2]  or [1 - Pu/Po] was suggested 
by Wood and Shaw,(10) in which the 
second form was taken as a simplifi-
cation of the first form.(9) The vari-
ables were considered as dependent 
variables. 

Hence, the best statistical re-
sults for variables will indicate that 
these variables can be considered as 
major variables that affect the flexural 
rigidity of the slender column, and it 
will be used for a particular regression 
analysis for the experimental RC 
slender columns available to select the 
best expression for EI. Table (3) 
shows the results obtained from statis-
tical results for 166320 slender col-
umns depending on selected variables. 

Multiple linear regression 
analysis of the simulated theoretical 
stiffness data (α-values) was con-
ducted and the resulting EI expression 
was developed for each combination 
of variables listed in Table (3). The 
prediction accuracy of a regression EI 
equation was based on the standard 
error(8) (S.E), a measure of sampling 
variability, and the multiple correla-
tion coefficient(8) (rc), which is an in-
dex of the relative strength of the rela-
tionship. 
Proposed Formula 

Based on the results obtained 
from the linear regression analysis for 
the 166320 hypothetical RC slender 
columns, it is found that the parame-
ters ℓ/h, e/h and P/Po have a signifi-
cant effect on the flexural rigidity (EI) 
of the slender columns, Table (3). In 
which Po is the axial compression 
column strength under pure axial. An-
other linear regression analysis has 
been carried out for the available ex-
perimentally tested RC slender col-
umns with regard to e/h, ℓ/h and P/Po 
and many other variables [such as the 
steel ratio (ρ), the concrete cover in-
dex (γ) and the material property ratio 
(ρ fy / f ′c)] as independent variables 
with exact effective flexural rigidity 
factor (α) as a dependent variable. 
Table (4) indicates that the best results 
for expressing (α) will be obtained 
depending on e/h, ℓ/h and [1-(P/Po)2] 
values. 
Table (4) shows that the produced 
variable combinations of case 4 has 
the highest Multiple Correlation Coef-
ficient (rc) and the lowest Standard 
Error (S.E) values among the regres-
sion results. The corresponding re-
gression expressions obtained from 
this analysis are: 
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α = 0.3804 - 0.0113 ℓ/h - 1.2916 e/h +  
      0.4458 [1- P/Po)2]  
                                                (12 a) 
in which: 
EIeffective = α Ec Ig +Es Ise             (12 b) 
 
Eq. (12 a) shows that the increase in 
e/h ratio decreases the flexural rigidity 
EI of a slender column. This is ex-
pected because a larger e/h value is 
associated with more cracking of the 
column cross section. In addition, the 
increase in the axial load value will 
decrease the flexural rigidity EI of a 
slender column. The expression also 
indicates that a decrease in the EI 
value occurs as ℓ/h ratio is increased. 
This is also expected since the slen-
derness ratio of the column is propor-
tional to the critical column load. 
The effective flexural rigidity factor 
(α) values computed from Eq. (12 a) 
are calculated for all experimentally 
tested columns against the corre-
sponding theoretical values. The val-
ues of (αproposed / αexact) have COV of 
40 % with mean value of 1.2. It may 
be noted that the analysis has been 
conducted for experimentally tested 
columns with f ′c values ranging be-
tween 16.27 and 98 MPa, ℓ/h values 
ranging between 4 and 27.95, e/h val-
ues ranging between 0.0 and 0.4 and 
P/Po ranging between 0.12 and 1.09. 

For practical purposes, it is 
important to establish upper and lower 
limits for Eq. (12) to prevent unrealis-
tic values of α. Inspections of the pre-
vious work for effective flexural ri-
gidity of columns under different 
loading conditions, it is suitable to 
simplify Eq. (12 a) to: 
 
α = 0.38 – 0.011 ℓ/h – 1.3 e/h + 0.45  
      (1- P/Po)2 
                         0.1 ≤ α ≤ 0.85 

                                                   (13) 
Comparisons with Test Results 

The experimental ultimate 
loads of the selected RC columns 
have been compared with the nominal 
load capacity predicted by the meth-
ods considered in this work that which 
available in Ref. (3). For the 150 RC 
columns available in literature (19 of 
these columns are short), the specified 
cylinder compressive strength of con-
crete f ′c ranged between 16.3 and 98 
MPa and the eccentricity (e/h) ranged 
between 0 and 1.3, the slenderness 
ratio (kℓu/h) ranged between 8.4 and 
26 [or (ℓu/h) is ranged between 4 and 
28]. 
It is important to note that this work 
assumes all safety factors, strength 
reduction factors, and stability reduc-
tion factors for concrete and steel re-
inforcement have values of unity for 
comparison purposes. 
For each selected method, the 150 RC 
experimentally tested columns are 
analyzed by applying the ultimate ex-
treme compressive strain (εcu) that 
equals 0.0025, 0.003, 0.0035 and 
0.004 to cover the conservative limits 
of the obtained results. The modulus 
of elasticity of concrete used is the 
ACI 318M-05 {  4700 
(in MPa)}. 
Table (5) summarizes the selected 
analytical methods used to compute 
the nominal strength of the tested col-
umns. 
Figs. 4 and to 5 represent the correla-
tion between the calculated and the 
test nominal strength for the tested 
150 RC columns using the different 
methods considered herein. For all 
obtained results, as expected, all con-
sidered methods tend to lead to un-
conservative predictions with increas-
ing the ultimate compressive strain of 
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concrete εcu. 
The stress intensity factor, Eq. (14) 
and the ratio of the depth of the stress 
block to the depth of neutral axis, Eq. 
(15) suggested by Ibrahim et al. (6) are 
introduced for the method proposed in 
this work to obtain better results of 
the column capacity.(3) 
α1 = 0.85 – (f ’c / 800) ≥ 0.725      (14) 
β1 = 0.95 – (f ’c / 400) ≥ 0.700      (15) 
for the values of εcu, Fig. (5) shows 
that the proposed method leads to 
lowest COV. Fig. (6) is selected to 
review the (COV % / COV % max.) 
and the mean values, using the pro-
posed method for all suggested ranges 
of ultimate concrete compressive 
strain, (0.0025 ≤ εcu ≤ 0.004). 
Fig. (6) shows that the use of an ulti-
mate compressive concrete strain of 
(εcu = 0.003) for the method proposed 
in this work will give the best results 
among all other values of strain lev-
els. 
DDeessiiggnn  CChhaarrttss  

Most of the structural design 
codes apply design charts to carry out 
ready-made quick design of a given 
RC element. RC columns are the most 
critical members in concrete structural 
design applications. For this purpose, 
the equation proposed in this work for 
the effective flexural rigidity factor 
(α) [Eq. (13)] is graphically presented 
in design charts. Design charts are 
suggested to predict the column effec-
tive flexural rigidity factor and to 
make a general view of this equation 
in addition to facilitate the use of the 
proposed equation. These charts are 
represent (α) with respect to e/h and 
P/Po for ℓ/h values ranges between 5 
and 30, Figs (7 a to 7 g). 
Conclusions 

This study has been con-
ducted to investigate existing code 

methods and some suggested methods 
by researchers related to analysis and 
design of RC columns. The study in-
volved 150 experimentally tested rec-
tangular NSC and HSC columns 
available in the literature subjected to 
short-term concentric and eccentric 
loading. The selected specimens cover 
short columns and slender columns 
that buckle in nonsway and sway 
modes. Also 166320 hypothetical rec-
tangular RC slender columns, each 
with a different combinations of 
specified values of variables were 
used to generate the stiffness data to 
investigate the major variables that 
affect the load carrying capacity and 
the behavior of the columns. A new 
proposed expression for the flexural 
rigidity (EI) of a RC column was sta-
tistically derived. With strength re-
duction factors set to unity, compari-
sons were made between test results 
of the nominal strength for the ex-
perimentally tested columns with the 
results obtained using the considered 
methods and the method proposed in 
this work. 

Five methods are considered in 
this work to predict the nominal ca-
pacity of the RC columns. These are 
the universal Codes ACI 318M-05 
Code and BS 8110-97 Standards and 
some methods suggested by different 
researchers in addition to the method 
proposed in this work. From observa-
tions and studies of results presented 
in this research, the following conclu-
sions are drawn: 
1. The ACI 318M-05 Code provi-

sions underestimate the column 
capacity. The ultimate compres-
sive strain of concrete of 0.003, 
used in this code, led to a mean 
value of Pcal / Ptest that equals 0.83 
with corresponding COV that 
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equals 30.2 percent. 
2.  Introducing Rangan and Mirza 

methods for calculating the effec-
tive flexural rigidity of the col-
umn into the ACI 318M-05 Code 
provisions will result in mean 
value of 0.9 and COV equal to 29 
percent for all values of assumed 
ultimate concrete compressive 
strain. The Chen et al method re-
sulted in a higher COV and con-
servative predictions of the nomi-
nal strength of the RC columns, 
(COV = 36 percent, mean value 
equals 0.8). 

3. The method proposed in this work 
has better prediction of  
the nominal capacity of the RC 
columns resulting in mean value 
that equals 1.0 with the smallest 
COV value among all other con-
sidered methods which is equal to 
23.6 percent. 

4. Using the proposed design me-
thod has proved to be insensitive 
to the value of concrete ultimate 
compressive strain, εcu. The COV 
values were 23.7, 23.6, 23.7 and 
23.8 percent respectively for εcu 
values of 0.0025, 0.0030, 0.0035 
and 0.0040.  

References 
[1]. ACI Committee 318, “Building 
Code Requirements for Reinforced 
Concrete and Commentary (ACI 
318M-05 and ACI 318RM-05)”, 
American Concrete Institute, Detroit, 
2005. 
[2]. Al-Bakri, Bassman R., "Extensive 
Study of Reinforced Concrete Col-
umns-Limit State Analysis", M Sc 
Thesis, University of Technology, 
1999. 
[3]. Al-Bakri, Bassman R., "Flexural 
Rigidity Effect on Deflection and 
Nominal Strength of Slender Rein-

forced Concrete Columns", Ph D the-
sis, University of Technology, 2007. 
[4]. British Standards Institution, 
“Code of Practice for Design and 
Construction”, (BS 8110: Part 1: 
1997), University of Sheffield, 2002. 
[5]. Grant, Leon H.; Mirza, Shear Ali; 
and MacGregor, James G., “Monte 
Carlo Study of Strength of Concrete 
Columns,” ACI Journal, Proceedings 
Vol. 75, No. 8, Aug. 1978, pp. 348-
358. 
[6]. Ibrahim, H. H. H.; and MacGre-
gor, J.G., “Modification of the ACI 
Rectangular Stress Block for High-
Strength Concrete”, ACI Structural 
Journal, Vol. 94, No. 1, Jan.-Feb. 
1997, pp. 40-48. 
[7]. MacGregor, J. G.; Breen, J. E.; 
and Pfrang, E. O., “Design of Slender 
Concrete Columns”, ACI Journal, 
Vol. 67, No. 1, Jan. 1970, pp. 6-28. 
[8]. Microsoft Office Excel 2007, Part 
of Microsoft Office Professional Edi-
tion 2007. Copyright © 2003-2007 
Microsoft Corporation. 
[9]. Mirza, S. A. and MacGregor, J. 
G., “Slenderness and Strength Reli-
ability of Reinforced Concrete Col-
umns”, ACI Structural Journal, Vol. 
86, No. 4, July-Aug. 1989, pp. 428-
438. 
[10]. Mirza, S. A., “Flexural Stiffness 
of Rectangular Reinforced Columns”, 
ACI Structural Journal, Vol. 87, No. 
4, July-Aug. 1990, pp. 425-435. 
[11].Mirza, S. A., and MacGregor, J. 
G., “Probabilistic Study of Strength of 
Reinforced Concrete Members,” Ca-
nadian Journal of Civil Engineering 
(Ottawa), Vol. 9, No. 3, Sept. 1982, 
pp. 431-448. 
[12]. Rangan, B. V. and Warner, R. 
F., “Large Concrete Buildings”, 
Longman Group Limited, 1996, 
Chapter 7, pp. 158-182. 

PDF created with pdfFactory Pro trial version www.pdffactory.com

http://www.pdffactory.com
http://www.pdffactory.com


Eng. & Tech. Journal ,Vol.27, No.1,2009         Flexural Rigidity of Slender RC Columns 

 

 105 

[13]. Rangan, B. V., “Lateral Deflec-
tion of Slender Reinforced Concrete 
Columns under Sustained Load”, ACI 
Structural Journal, Vol. 86, No. 6, 
Nov.-Dec. 1989, pp. 660-663. 
[14]. Tanaka, H.; Park, R. and Li, B., 
“Confining Effects on the Stress-
Strain Behaviour of High Strength 
Concrete”, Second US-Japan-New 
Zealand-Canada Multilateral Meeting 
on Structural Performance of High 
Strength Concrete in Seismic Re-
gions, Honolulu, Hawaii, 29 Novem-
ber – 1 December 1994, pp. 1-26. 
[15]. Yong, Yook-Kong; Nour, M. G. 
and Nawy, E. G., “Behavior of Later-
ally Confined High-Strength Concrete 
under Axial Loads”, Journal of Struc-
tural Engineering, ASCE, Vol. 114, 
No. 2, February 1988, pp. 332-351. 
[16]. Zeng, Jian-Min; Duan, L.; 
Wang, Fu-Ming and Chen, Wai-Fah, 
“Flexural Rigidity of Reinforced Con-
crete Columns”, ACI Structural Jour-
nal, Vol. 89, No. 2, March-April 
1992, pp. 150-158. 
Notations 
e eccentricity of compressive 

loading on a column. 

e / h eccentricity ratio. 

Ec moduli of elasticity of con-

crete. 

EI flexural rigidity of the col-

umn. 

Es moduli of elasticity of rein-

forcing steel. 

f ′c specified compressive 

strength of cylinder con-

crete. 

fy specified yield strength of 

reinforcement. 

Ig moments of inertia of gross 

concrete cross section taken 

about centroidal axis of 

cross section. 

Ise moments of inertia of steel 

reinforcement taken about 

centroidal axis of cross sec-

tion. 

ℓ height of the column. 

ℓ / h slenderness ratio. 

Mc factored moment to be used 

for design of compression 

member. 

Pc critical load, Euler load, the 

axial force that is sufficient 

to keep the member in such 

a slightly bent form. 

Po nominal RC cross sectional 

column capacity under pure 

axial Load. 

Pu factored axial load at given 

eccentricity. 

α a dimensionless reduction 

factor (effective rigidity fac-

tor) which depends on a 

number of variables that af-

fect the stiffness of slender 

columns. 

α1 the intensity of stress at the 

extreme fiber of stress block. 

β1 the ratio of the depth of the 

stress block to the depth of 

neutral axis. 

βd creep factor, (a) for nonsway 

frames, βd is the ratio of the 

maximum factored axial sus-
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tained load to the maximum 

factored axial load associ-

ated with the same load 

combination; (b) for sway 

frames, βd is the ratio of the 

maximum factored sustained 

shear within a story to the 

maximum factored shear in 

that story. 

Δm lateral deflection at mid-

height of the column. 

ε strain. 

Øe curvature at column ends. 

Øm curvature at mid-height of 

the column. 

 
 
 
 
 
 
 
 
 

 
Table (1)-Specified properties of columns studied 

Properties Specified Values No. of Specified Values 

f ′c (MPa) 20; 30; 40; 50; 60; 70; 80 7 

fy (MPa) 150; 200; 300; 400 4 

ℓ / h 8; 10; 20; 30; 40 5 

e / h 0.05; 0.1; 0.2; 0.3; ….;1.0 11 

ρt 
Table (2) for combinations of steel 

ratios and bars arrangements 12 

P / Po 0.1; 0.2;…..; 0.9 9 

Total Number = 7 × 4 × 5 × 11 × 12 × 9 = 166320 columns. 
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Table (2)-Longitudinal reinforcement details of selected hypothetical columns 

Steel Ratio ρt %, b = h = 300 mm. 

No. of Bars Bar Size 
(mm) 4 6 6 8 8 8 

16 0.89 1.34 1.34 --- --- --- 

20 --- --- --- 2.79 2.79 2.79 

22 --- --- --- 3.38 3.38 3.38 

25 --- --- --- 4.36 4.36 4.36 

Arrangement of Longitudinal Reinforcement  
 
 
 
 

x-x is the axis 
of bending 

 

 

 

 

 

 

 

 

 

 

 

 

 
 
 
 

 Table (3) Variable Combinations used for regression analyses 

 
Variables considered in the lin-
ear regression analysis for the 
166320 RC slender columns 

  

Combination 
No. e/h 

1-
(P

u /
 P

o)2  

1-
P u

 / 
P o

 

ℓ/h 

ρ 
f y 

/ f
 ′ c

 

Standard 
error (S.E) 

Multiple cor-
relation coef-

ficient (rc) 

1 x  x x x 0.086 0.64 

2 x  x  x 0.070 0.54 

3 x x    0.080 0.67 

4   x  x 0.058 0.50 

5 x x  x  0.053 0.78 

6 x   x  0.056 0.80 

 

x 

x 
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Table (4) Statistical results obtained using a linear regression analysis for the 
tested 131 slender columns (αcal.) 

Factors 

C
as

e 

In
te

r-
ce

pt
 

ℓ/h e/h γ* 
1-

(P/Po) 
1-

(P/Po)2 

rc S.E 

x x x  x 1 0.2908 
-0.011 -1.553 0.150  0.650 

0.510 0.143 

x x    2 0.3941 
-0.002 -0.500    

0.377 0.165 

x x  x  3 0.3941 
-0.011 -1.583  0.640  

0.595 0.143 

x x   x 4 0.3804 
-0.011 -1.292   0.446 

0.621 0.080 

x x x   
5 0.4480 

-0.005 -0.502 -0.001   
0.605 0.142 

* γ = concrete cover index = (h – 2d′) / d 
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 ξ
) ×

 1
0-3
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β 1
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Figure (1) Effect of f ′c (MPa) and column steel ratio on the EI of slender RC      

columns for Eqs. (1 and 2). 
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Figure (2) Typical compressive stress-strain curves for normal density con-

crete proposed by Collins et al.(15) 
 
 
 

βd = 0. 
γ = 0.6. 
b = h = 300 
mm. 
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Figure (3) Type of columns studied 

 
 

 
Figure (4) Mean values of Pcal/Ptest obtained for the 150 RC experimentally 

tested columns analyzed by the considered methods. 
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Figure (5) COV values of Pcal/Ptest obtained for the 150 RC experimentally 

tested columns analyzed by the considered methods. 
 
 

 
Figure (6) COV values of Pcal/Ptest obtained for the 150 RC experimentally 

tested columns analyzed by the proposed method. 
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Figure (7 a) Effective flexural rigidity factor (α) for ℓ/h = 5. 

 
 

 
Figure (7 b) Effective flexural rigidity factor (α) for ℓ/h = 8. 
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Figure (7 c) Effective flexural rigidity factor (α) for ℓ/h = 10. 

 
 

 
Figure (7 d) Effective flexural rigidity factor (α) for ℓ/h = 15. 
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Figure (7 e) Effective flexural rigidity factor (α) for ℓ/h = 20. 

 
 

 
Figure Fig. (7 f) Effective flexural rigidity factor (α) for ℓ/h = 25. 
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Figure (7 g) Effective flexural rigidity factor (α) for ℓ/h = 30. 
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