
2009 ,5.No ,27.Vol,Journal .hTec& .Eng

* College of Engineering, University of Baghdad / Baghdad

Approximation Solution of Volterra Integral Equation Using 
Adomian Decomposition Method 

Khawla A. AL-Zubaidy* 

Received on:23/10/2008
Accepted on:4/12/2008  

Abstract 
In this paper, Adomian Decomposition method has been used to find the approximation 

solution for the linear Volterra integral equation of the second kind. In this method the solution of 
a functional equation is considered as the sum of an infinite series usually converging to the 
solution, and the Adomian decomposition method is also used to solve linear integral equation. 
Finally, numerical example are prepared to illustrate these considerations. 

  حل تقريبي لمعادلة فولتيرا التكاملية باستخدام طريقة ادموند الانحلالية

  الخلاصة
والحل في . رة التكاملية من النوع الثانيفي هذا البحث استخدمت طريقة الانحلال لإيجاد حل تقريبي لمعادلة فولتي      

كما أن طريقة أدموند الانحلالية هي طريقة . هذه الطريقة يكون دالة تمثل مجموع متسلسلة غير محددة تتقارب إلى الحل
. والمثال المطبق يوضح هذه الطريقة. لحل المعادلات التكاملية الخطية وغير الخطية

1. Introduction
The integral equation is generally 

defined as an equation which involves the 
integral of an unknown function u(x) 
appears under the integral sign. 
Therefore the general form of integral 
equation is given by the following  form, 
[1]: 

)()(),()()( xfdttutxkxuxa =− ∫
Ω

…(1) 

where a , f and k are known functions; 
),( txk  is called the kernel of the integral 

equation, u  is the unknown  function to be 
determined and Ω  be a measurable set in 
a measurable space E.  
We can distinguish between two types of 
integral equations which are,[2]: 
1. Integral equation of the first kind when

0)( =xa  in equation (1): 

∫
Ω

= dttutxkxf )(),()( …(2) 

2. Integral equation of the second kind
when 0)( ≠xa , then equation (1) can be 
written as: 
  ∫

Ω

+= dttutxkxfxu )(),()()( …(3) 

Now integral equations can be 
classified into different kinds according to 
the limits of integration: 
1. If the limits of equation (1) are
constants then this equation is called 
Fredholm integral equation. In this case, 
Fredholm integral equations of the first 
and second kinds will respectively have 
the following expressions, [3]: 

∫=
b

a

dttutxkxf )(),()(  …(4) 

∫+=
b

a

dttutxkxfxu )(),()()(   …(5)

where a, b are constants. 
2. If the upper limit of the integration in
equation (1) is a variable then equation (1) 
is called Volterra integral equation. They 
are divided into two groups referred to as 
the first and second kinds. 
Volterra integral equation of the first kind 
is,[3]:- 

∫=
x

a

dttutxkxf )(),{)( …(6) 

and Volterra integral equation of the 
second kind is:- 
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∫+=
x

a

dttutxkxfxu )(),()()(  …(7) 

where a is constant and x is variable. 
The integral equation (1) is said to be 
singular if the range of integration is 
infinite ∞<< x0   or  ∞<<∞− x , or if 
the kernel k(x, t) is unbounded. 
 
If the kernel k(x, t) in equation (1) depends 
only on the difference x-t, such a kernel is 
called a difference kernel and the 
equation: 

)()(),()()( xfdttutxkxuxa =− ∫
Ω

…(8) 

is called integral equation of convolution 
type. 
 
2. The Decomposition method Applied 
to Volterra  integral Equation  

In this subsection a Decomposition 
method to find the approximation solution 
for  Volterra integral equation is discussed 
[5],[6],[7]. 

Let us reconsider the Volterra 
integral equation of the second kind. 

,)(),()()( ∫+=
t

a

dssfstktgtf ],[ tat ∈  

…...(9) 
where g and the kernel k are known 
functions and f is the unknown function 
to be determined.  
From equation (9), we obtain canonical 
form of Adomian's equation by writing  
 )()()( tNtgtf +=   …(10) 
where 

 ∫=
t

a

dssfstktN )(),()(  …(11) 

To solve by Adomian's  method, let  

)()(
0

tftf
m

m∑
∞

=

= , and ∑
∞

=

=
0

)(
m

mAtN  

where ,0,1,m       , K=mA  are 
polynomials depending on mfff ,,, 10 K  
and they are called Adomian polynomials. 
Hence, (10) can be rewritten as: 

∑∑
∞

=

∞

=

+=
0

10
0

).,,,()()(
m

mm
m

m fffAtgtf K

    …(12) 
 
From (11) we define: 





==
=

+ 0,1,2....m  ),,,,()(
),()(

101

0

mmm fffAtf
tgtf

K

                              …(13) 
In practice, all terms of the series 

)()(
0

tftf
m

m∑
∞

=

= can not be determined 

and so we use an approximation of the 
solution by the following truncated series: 

),()(
1

0

tft
k

m
mk ∑

−

=

=ϕ with ).()(lim tftkk
=

∞→
ϕ  

                                     …(14) 
To determine Adomian polynomials, we 
consider the expansions: 

 ),()(
0

tftf
m

m
m∑

∞

=

= λλ   …(15) 

,)(
0

∑
∞

=

=
m

m
m AfN λλ   …(16) 

Where, λ  is a parameter introduced for 
convenience. From (16) we obtain: 
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and from (11), (15) and (17) we have:  
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mdsftsv    …..(18) 

So, (13) for the solution of linear Volterra 
integral equation will be as follow: 









==

=

∫+ K0,1,2,m      ,)(),()(

),()(

1

0
t

a
mm dstftsvtf

tgtf
…(19) 

Considering (13), we obtain: 

K0,1,2,m       ,)(),()()( =+= ∫
t

a
mk dssfstktgtϕ

                                      …(20) 
 In fact (15) is exactly the same as the well 
known successive approximations method 
for solving of linear Volterra integral 
equation defining as, [4]: 

K0,1,2,m    ,)(),()()(1 =+= ∫+

t

a
mm dssfstktgtf …(21) 

The initial approximations for the 
successive approximation method is 
usually zero function. In the other words, 
if the initial approximation in this method 
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is selected that is )()(0 tgtf = , then the 
Adomian decomposition method and the 
successive approximation method are 
exactly the same 

The following algorithm 
summarizes the steps for finding the 
approximation solution for the second kind 
of Volterra integral equation. 
3. Algorithm (ADVI) 
Input:   ( xasfstktg ,),(),,(),( ); 
Output:   series solution of given equation   
Step1: 
            Put )()(0 tgtf =                   
Step2: 
     Compute 

 ∫=+

t

a
mm dssftxktf )(),()(1    ,...1,0=m  

Step3: 
            Find the solution  

),()(
1

0
tft

k

m
mk ∑

−

=

=ϕ    ,...1,0=m  

  End 
Example(1): 
Consider the following Volterra integral 
equation of the second kind with the exact 

solution e ttf
2

)( −= . 

 ∫−=
t

dssstftf
0

.)(1)(  

where compare the Volterra integral 
equation of the second kind, we total 

1)( =tg   ,   sttxk =),(  
To derive the solution by using the 
decomposition method, we can use the 
following Adomian scheme: 

,1)(0 =tf  
And 

K0,1,2,m           ,)()(
0

1 == ∫+

t

mm dssstftf

 
 For the first iteration, we have: 

                             ,)()(
0

01 ∫=
t

dssstftf  

Then                             )( 2
1 ttf −=  

Considering (14), the approximated 
solution with two terms are: 
 )()()( 102 tftft +=ϕ  

2
2 1)( tt −=ϕ  

Next term is: 

                             ,)()(
0

12 ∫=
t

dssstftf  

                            
2

)(
4

2
ttf =  

Solution with three terms are: 
),()()()( 2103 tftftft ++=ϕ  

,
2

1)(
4

2
3

ttt +−=ϕ  

In the same way, the component )(tkϕ  
can be calculated for K,4,3=k The 
solution with six terms are given as: 

).()()()()( 52106 tftftftft ++++= Kϕ
 

,
1202462

1)(
10864

2
6

tttttt −+−+−=ϕ  

Approximated solution for some values of 
t by using Decomposition method and 

exact values e ttf
2

)( −= of Example(1), 
depending on least square error (L.S.E) are 
presented in Table(1). 
4. Conclusions 

This paper presents the use of the 
Adomian decomposition method, for the 
Volterra integral equation. As it can be 
seen, the Adomian decomposition method 
for Volterra integral equation is equivalent 
to successive approximation method. 
Although, the Adomian decomposition 
method is a very powerful device for 
solving the integral equation. From 
solving a numerical example the following 
points have been identified:           

1- this method can be used to solve 
the second kind of linear Volterra 
integral equation. 

2- It is clear that using the 
decomposition method basis 
function to approximate when the 
m order is increases the error will 
be decreases, as we see that in 
Figure(1). 
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Table (1) The results of Example(1) using (ADVI) algorithm. 

t )(tf  

(Exact) 

)(6 tϕ  

(Approximation) 

0 1 1 

0.1 0.9900 0.9900 

0.2 0.9608 0.9608 

0.3 0.9139 0.9139 

0.4 0.8521 0.8521 

0.5 0.7788 0.7788 

0.6 0.6977 0.6977 

0.7 0.6126 0.6126 

0.8 0.5273 0.5272 

0.9 0.4449 0.4445 

1 0.3679 0.3667 

L.S.E 1.6020e-006 
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Figure (1 )Approximation and Exact solution of  Volterra                                              
integral equation of Example1 

  
  

  
 

Exact = 
)(6 tϕ = 
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