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AAbbssttrraacctt 
 For semigroups of linear bounded operators on Hilbert spaces, the problem of 

being in pC , 0 <P <∞  is more interesting than of begin compact , so we

developed some new results of a composite semigroups , T(t), 0 < t <∞     which
defined on a Banach space of linear bounded operators on Hilbert space  to be in 

the Schatten class pC  in strong operator topology.

في فضاء  p,Cمركبة لمؤثرات خطية مقيدة ذات معلمة واحدة  لصف شاتين  زمر

  تبولوجي مؤثر قوي
 الخ%صة

 P> 0ان دراسة الزمرة شبه ا�ولية لمؤثرات خطية مقيدة على فضاء ھلبرت في الصف  
<∞ p,C  أكثر أھمية من دراستھا في  أن تكون مرصوصة ولذلك طورت بعض النتائج الجديدة

معرفة على فضاء بناخ لمؤثرات خطية مقيدة ومعرفة∞> t > 0 ,أولية مركبة  لزمرة شبه

p,Cعلى فضاء ھلبرت حتى تكون في صف شاتين .في فضاء تبولوجي مؤثر  قوي   

11.. IInnttrroodduuccttiioonn
Let L(H) be  a Banach space, a 

one-parameter family{T(t)}t≥0 ⊂ 
L(L((H)), t∈[0,∞) of bounded linear 
operators defined by: 

T(t)X = T1(t)XT2(t)  , for any 
X∈L(H) and t ∈[0,∞).                        
(1) 
with generator  is called composite  
semi group if: 

(i) T(0)X = IX, (I the identity 
operator of L(H) ). 

(ii) T(t + s)X = T(t)T(s)X= 
T(s)T(t)X, for every t, s ≥ 0.

 Where T1(t),T2(t) are two 
semigroups defined from H into H 
for A1 andA2 generaters 
respectively, [1]. 

The infinitesimal generator   of 
(t) a strong operator topology 

defined as the limit: 

Where D( )  ⊂ L(H) is the domain 
of   defined as follows: 

 where {L(H), τ} stands for L(H) 
equipped with the strong operator 
topology τ, i.e., topology induced by 
family of seminorms ρ = {ρh}h∈H, 
where siminorms ρh(X) = ||Xh||H,  X 
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∈ L(H). T(t) ∈ L(L(H)) is a strong-
operator and continuous at the 
origin, i.e.,  
τ-

t 0
lim

↓
||(T(t)X)h − (T(0)X)h||H = 0, h 

∈ H, X ∈ L(H). 
 
RReemmaarrkkss((11..11))::  
a- The different between the usual 

strongly continuous semigroups 
and the composite  semigroups 
(1)  follows from the fact that in 
general for X ∈L(H), the 
function [0,∞ ) ⊇  t a  T(t)X 

∈ L(H) is continuous in {L(H), 
τ}, and which cannot be 
continuous in {L(H), ||.||} unless 
the semigroups { 1(t)}t≥0, 
{ 2(t)}t≥0 ⊂ L(H) are uniformly 
continuous. However, this takes 
place case only if their 
generators A1, A2 are bounded 
operators on H. 

b- The generator A is densely 
defined only in {L(H), τ} and 
does  not in {L(H), ||.||}. This 
implies that the closure of D(A) 
in L(H) is only a  proper set and 
not the whole L(H). 

The problem of being in pC is more 

interesting than of begin compact. 
This is due to the fact that for a oC - 

semigroup T(t)∈ pC , 0< t <∞ , 

{ }T(t) ,0 t a< ≤ is a bounded in 

H for every finite a. But 
if pT(t) C ,0 t∈ < < ∞  , then 

p
T(t)  need not to be bounded in 

any interval (0,a) for any  finite a. 
For the basic theory of semigroups 
we refer to Pazy [5]. 

For  1 p≤ < ∞ , set: 

p
p n n

n 1
C T L(H) : sup Te , f

∞

=

 = ∈ < ∞ 
 

∑

 
Where the supremum is taken over 

all orthonormal bases ( ne ) and 

( nf ) of H. For T∈ pC , one defines 
1

pp
n np

T sup( Te ,f ) .= ∑ This 

defines a norm on pC . With this 

norm, , pC  is a two sided Banach 

ideal in L(H). For more on pC  we 
refer to KhaliL and Deeb[3]. 
 
LLeemmmmaa((11..22)),,[[33]]::  

Let n pT (t) C∈  such that  

n n p
sup T < ∞  if  nT T(n )→ → ∞

 
in the operator norm, then 

pT (t) C∈  

2. MMaaiinn  rreessuullttss:  
The following results of compsite 
semigroups of  Schatten Class 

pC have been presented as follows:  
 
LLeemmmmaa  ((22..11  ))::  

Let = T1(t)XT2(t), t 

≥ 0  be a oC - composite semigroup 

in {L(H), τ}. If for some 0t >0, 

T1(t) ∈ pC  and T2(t) ∈ pC , for all t 

> 0t .Further there exists 

1 2M ,M ∈[0, )∞  and 

1 2w , w (0, )∈ ∞  such that 

  

1 2 0(w w )(t t )
1 1 2 2p p

T (t) M M e T (t)+ −≤
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Proof: 
For the semigroup property, we 

have  = T1( 0t ) T1(t- 0t ) . T2(t-

0t ) T2( 0t ) , for t, 0t ≥ 0 

Since pC  is a two sided ideal 

and T1(t) ∈ pC , it follows that 

. Further Banach ideal 

property of pC gives   

=

1 0 1 0 2 0 2 0 p
T(t )T(t-t ) . T (t-t ) T (t ) 

≤
1 0 1 0 2 0 2 0 L(H)p L(H) p

T(t ) T(t-t ) . T(t-t ) T(t ) .
      

1 2 0(w w )(t t )
1 1 2 2p p L(H)

T(t) MMe T (t) .+ −≤
 Thus 

  

1 2 0(w w )(t t )
1 1 2 2p p L(H)

T(t) MMe T (t) .+ −≤
for 

1 2 1 2M ,M 1, w , w 0≥ ≥ and 

for t
 
≥ 0. 

 
TThheeoorreemm  ((22..11))::  

    Let 1,n 2,nT (t),T (t)∈ pC  such 

that n 1,nsup T (t) < ∞ , for  and 

n 2,nsup T (t) < ∞
 

and n 2,nsup T (t) < ∞ .If (t)X 

= 

1,n 2,n 1 2T (t)XT (t) T (t)XT (t)→  

in {L(H), τ} as n → ∞ ,then 

1 2T (t)XT (t) ∈ pC . 

 
 
 

Proof: 

     Since 1,n 2,nT (t),T (t)∈ pC , each 

one of 1,n 2,nT (t),T (t)  is compact 

,see [2 ]. Hence 
(t)X= 

1,n 2,n nk nk nk nk nk nk
k 1 k 1

T (t)XT (t) (t)e f X (t)e f
∞ ∞

= =
= σ ⊗ δ ⊗∑ ∑

, for  t≥ 0 
where         

p p

nk 1 nk 2
k 1 k 1

(t) , (t)
∞ ∞

= =
σ ≤λ <∞ δ ≤λ <∞∑ ∑

 , t≥ 0 
for all n, ( ne ) and ( nf ) are 

orthonormal sequences for each n. 
Since  

1,n 1 2,n 2T (t) T(t) 0, T (t) T (t) 0− → − →
, as n → ∞ , it follows that  

1T (t), 2T (t) are compact. 

Let  1T (t)= 
k k k

k 1
(t)e f

∞

=
σ ⊗∑  

2T (t)= k k k
k 1

(t)e f
∞

=
δ ⊗∑ . 

Using Theorem 1.20[6], we get 

 nk k(t) (t)σ → σ  and 

nk k(t) (t)δ → δ  as n → ∞ for 

all k. 
Since 

p p pr r r

k n nk n nk 1
k 1 k 1 k 1

(t) lim (t) lim
= = =

σ = σ = σ ≤λ∑ ∑ ∑

, for t ≥ 0, 
Also, we obtain  

pr

k 2
k 1

( t )
=

δ ≤ λ∑
  is true for every 

r ,it follows that,    
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1 1p p
p p

k k 1 2
k 1 k 1

( (t) ) ( )
∞ ∞

= =
σ δ ≤ λ λ∑ ∑

, for t ≥ 0 . 
Hence 

      = T1(t)XT2(t) ∈ pC .  

  
DDeeffiinniittiioonn  ((22..22))::  

Let  T(t)Z= T1(t)ZT2(t), t ≥ 0  

be a oC - composite semigroup 

in {L(H), τ}. We say T(t)   is of 
type P if : 

(i) T(t)∈ pC  for all t ≥ 0 . 

(ii) There exists an 0∈>  and 

0α >  such that  
   ≤ α  for all 

t (0, )∈ ε  . 

Let  T(t)X= T1(t)XT2(t), t ≥ 0  be a 

oC - composite semigroup of 

operators with generator A=A1 .+. 
A2 . 

Let  λ ∈ρ ( A) such that the real 

part Re( 1 2) w wλ > + , where  

    

1 2(w w )t
1 2M M e .+≤  

We define a  family of operators 
{ tR ( ,λ }, where  

tR ( ,λ  A)X = s

t

e
∞

−λ
∫ X ds. 

= s
1 2

t

e T (s)XT (s)ds
∞

−λ
∫ . 

 We say { tR ( ,λ A)}is of type p if  

(i) tR ( ,λ  A)∈ pC  for all t 

≥ 0 and λ ∈ρ (   such 

that   

Re( 1 2) w wλ > + . 

(ii) There exists an 0β >  such 

that tR ( ,λ λ  

A)
p

≤ β  for all 

t (0, )∈ ∞ and λ ∈ρ (A),  

Re ( 1 2) a w wλ > > + , 

where a is positive constant. 
Now we prove the following results. 
 
TThheeoorreemm  ((22..22)):: 
     Let  T(t)Z= T1(t)ZT2(t), t ≥ 0  be 
a oC - composite semigroup of 

operators in {L(H), τ}   with 
generator A=A1 .+. A2 .Then the 
following are equivalent  

(i)  1T (t) is of type p. 

(ii) { tR ( ,λ A)}is of type p and T(t) 

is uniformly continuous  on 

(0, )∞ . 

  
PPrrooooff:: 
(i) (ii)→ , we have  

R ( ,λ A)X 

= s
1 2

0

e T (s)XT (s)ds
∞

−λ
∫  

  =τ- s
1 2

t 0 t

lim e T (s)XT (s)ds
∞

−λ
→
∫  

=τ-
t 0
lim
→ tR ( ,λ  A) . 

where the above limit is uniform 
limit. 
Now, 

  tR ( ,λ  A)X 

= s
1 2

t

e T (s)XT (s)ds
∞

−λ
∫  

           
=
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[ ]s
1 1 2 2

t

T (t) e T (s t)XT (s t)ds T (t)
∞

−λ − −∫

 

Since 1T (t)  , it follows that 

tR ( ,λ A)∈ pC  . 

Furthermore , 
 

tR ( ,λ λ  A)
p

= 

s
1 1 2 2

t p

T(t) e T(s t)XT (s t)dsT (t)
∞

−λλ − −∫

  

1 2(w w)(s t)s
1 1 2 2p L(H) L(H)

t

T(t) e MMe ds T(t) X
∞

+ −−λ≤λ ∫

 
Since  

        1w t
2 1L(H)

T (t) M e≤ , So 

 

tR ( ,λ λ  

A)
p

1 p L(H)
1 2

1
T (t) X

(w w )
≤ λ ξ

+ − λ
. 

if  t (0, ),∈ δ δ ≤ ε , we get  

  tR ( ,λ λ  A)
p  ≤ β . 

Conversely , (ii) (i)→  

Since 1T (t) , 2T (t)  are uniformly 
continuous , it follows that  

tR ( ,λ  A) . → R( ,λ  A) .=

 s
1 2

0

e T (s).T (s)ds
∞

−λ
∫  convergent 

uniformly, as t 0→ . By the 
assumption, 

tR ( ,λ  A)
p  ≤ β . It follows 

that  from convergence theorem in 

pC , [7], that R( ,λ  ∈ pC . 

Also  

   R ( ,λ λ  A)
p  

≤
t 0
lim
→ tR ( ,λ λ  A)

p  ≤ β     

t (0, )∀ ∈ δ    
Further it follows from [4] that 

 R( ,λ λ  A) 1 1T (t) T (t)→  as 

λ → ∞  uniformly,  
And 

R ( ,λ λ  

A) 1 1p
T (t) T (t)≤ β , from the 

semigroup property,[4],  

Since 
1w t

1 1T (t) M e≤ ,,  ssoo  aass  

t (0, )∈ δ ,,  wwee  oobbttaaiinn  

 1T (t) ≤ η ,,  ffoorr  ssoommee  

0.η > TThhuuss      

R( ,λ λ A) 1T (t)     is uniformly 

bounded in pC . 

       tR ( ,λ λ  

A) 1 1p
T (t) T (t)≤ β

 
≤ βη ..  

Consequently,[7 ] , 1 pT (t) C∈    

for all t (0, ]∈ ε ..  

   from the semigroup property that  

1 pT (t) C∈  for all t>0. Further; 
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1T (t) lim R( ,
λ→∞

≤ λ λ  A) 

1 p
T (t) lim R( ,

λ→∞
≤ λ λ  A)

 

p 1T (t)  

≤ βη  ,  for t (0, ]∈ ε ..  

  
RReemmaarrkk((22..33)): 

(i) 1 pT (t) C∈  and 2 pT (t) C∈  

then T(t) pC∈    for all p and 

t (0, )∈ ∞ . 

(ii) There exts a 0C - semigroup of 

operatorsT(t)
 
such that T(t) pC∈  

for all  t (0, )∈ ∞ , but   

≤ ∞   as t 0→  as the following 
example. 
  
EExxaammppllee((22..44)): 

Let 1A  and 2A  are a positive 
compact operators which are not of 

finite ranks and 1 2A , A 1≤ . So 

1 n n n 2 n n n
n 1 n 1

A e e ,A e e
∞ ∞

= =
= λ ⊗ = σ ⊗∑ ∑

 for some n n0 , 1< λ σ <  and 

decreasing, and n(e )  is some 
orthonormal basis .Define a one 
parameter family of composite 
operators as follows: 
 T(t)X = T1(t)XT2(t)= 

t t
n n n n n n

n 1 n 1
( e e )X( e e )

∞ ∞

= =
λ ⊗ σ ⊗∑ ∑

 

It is easily seen that T1(t) ,T2(t) are  

0C - semigroups of operators on H, 
see [4]. 

Choose
p

n n p 0( ),( ) >λ σ ∈I l , 

where 
p
l is the space of p-

summable sequences. Then 

T1(t),T2(t) pC∈  for  all p and all t 

and also from Remark(2.3)(i),  we 

have that T(t) pC∈ . 

Now, 
1 1

p ptp tp
1 n 2 np p

n 1 n 1
T (t) ( ) ,and T (t) ( )

∞ ∞

= =
= λ = σ∑ ∑

Further   
 

1 1 2 2p p p p
T(t) T (s) , T (t) T (s) for t s.≤ ≤ >

 The Monotone Convergence 
Theorem implies that  

1 p
T (t) → ∞  and 

2 p
T (t) → ∞ ,as  t 0→  

Since   

 ≤ 1 2p p
T (t) T (t)  , we 

have that  

t 0
lim
→

 

≤
t 0
lim
→

1 2p p
T (t) T (t)  

Thus 
 
t 0
lim
→

  ≤ ∞   and this 

completes the proof. 
TThheeoorreemm((22..33)): 
Let  T(t)Z= T1(t)ZT2(t), t ≥ 0  be a 

oC - composite semigroup of 

operators in  
{L(H), τ} with generator A then the 
following are equivalent =A1 .+. A2   

..  If   w (0, )∈ ∞   such that  T(t)
 

1 2(w w )te +≤   ,  
((ii))  

(t) pC∈  for t (0, )∈ ∞  and  if  
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1 1
1 2 1 2n np p

T ( ) T ( )≤ ≤ γ γ         

ffoorr  0n n≥ ,,  ffoorr  ssoommee    0n aanndd  

ssoommee  1 2, 0γ γ > .. 

((iiii))  R( ,λ  A)∈ pC   aanndd  R( ,λ λ  

A)
p  

1 2

1 2(w w )

γ γ≤
+ − λ

,,  

ffoorr  ssoommee  1 2, 0γ γ > ,,  aanndd  aallll  

0.λ >   
PPrrooooff::  

((ii)) (ii)→ ,,  sseett  

nR ( ,λ A) 

X=

1
n

s
1 2e T (s)XT (s)ds

∞
−λ

∫   

[ ]
1
n

s1 1 1 1
1 1 2 2n n n n

T( ) e T(s )XT (s )ds T ( )ds
∞

−λ= − −∫

SSiinnccee  ((ii))  iiss  ssaattiissffiieedd  ,,  wwee  hhaavvee  tthhaatt 

  1
1 nT ( ) ,, 1

2 nT ( ) pC∈   aanndd  ffrroomm  

tthheeoorreemm((22..22))    tthhaatt  nR ( ,λ  A)
 

pC∈ ,,  aanndd  aallssoo  iimmpplliieess  tthhaatt    

nR ( ,λ  

A)
p

X =

1
n

s1 1 1 1
1 1 1 2n n n np p

T( ) e T(s )XT(s )ds T ( )
∞

−λ − −∫

  

1 2
1 2

1

(w w )
≤ γ γ

+ − λ
,,  ffoorr  

0n n>   ffoorr  llaarrggee  vvaalluuee  ooff  n ..  

BBuutt    

              nR ( ,λ  A)XX  → R( ,λ  A)XX        

ffoorr  aallll    X L(H)∈ ,,  aass    n→∞   ..  

CCoonnsseeqquueennttllyy,,  lleemmmmaa((11..22)),,  iimmpplliieess  

tthhaatt    R( ,λ  A)
 pC∈ ,,  aanndd  

R( ,λ  A)
p

 

1 2
1 2

1

(w w )
≤ γ γ

+ − λ
,,  ffoorr    

1 2(w w )λ > + ..  

((iiii)) → ((ii))  bbyy  eexxppaannssiioonn    ffoorrmmuullaattiioonn  
ooff  aannyy  sseemmiiggrroouupp,,    sseeee  [[44]]  wwee  hhaavvee    
tthhaatt  
T(t)X= 

n n
t

n 0

( t )
lim e [ R ( ,

n !

∞
− λ

λ → ∞ =

λ λ λ∑  

A) 
n] X , for 1 2(w w )+ > λ  

where 1 2w , w  is as given in the 

assumption. Then  
 

n n
t n

n 0

( t )
lim e R( ,

n!

∞−λ
λ→∞ =

λ≤ λ λ∑

) 
n 1−

R( ,λ ) 
p

 

But 

R ( ,λ )

1 2
L(L(H))

1 2

M M

(w w )
≤

λ − +
 .  

Since  
(

1 2 1 2 1 2(w w) 0 (w w) 0 (w w) 0λ− + > ⇒λ− + > ⇒ + −λ>
Thus  
 

R ( ,λ )
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1 2
L(L(H))

1 2

M M
.

(w w )
≤

λ − +
 
Hence 

n n
1 2

n 1
n 0 1 21 2

( t )
lim

(w w )n!(w w )

∞

−λ→∞ =

γ γλ≤
+ −λ+ −λ

∑

n n n
t

1 2 n
n 01 2

t
lime sup

(w w ) ) n!

∞
−λ

λ→∞ =

λ λ≤ γ γ
+ −λ ∑

1 2 1 2
1 2

lim K, forK 1.
(w w ) )λ→∞

λ≤ γγ ≤γγ ≥
+ −λ

Consequently  pC∈  . 
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