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Abstract 
This paper presents a general method for automatic surface interpolation from     

range data and describes the implementation of high order 2D langrangian methods 
for interpolating surfaces from 3rd to 8th order. It uses a modified 2D lagrangian 
method to interpolating, reconstructing and modeling several surfaces, and due to this 
interpolation there will be an error between interpolated surface and the original one, 
this paper present    an algorithm to detect, represent and analyze these interpolating 
errors and statistical criteria to   compare the error in representing the sculptured 
surfaces that interpolated with different order basis functions. The comparison is 
performed using a mathematically defined data as real data obtained from the 
proposed models.  

The system has been implemented for the design of several sculptured surfaces to 
illustrate the system flexibility. Then the design results have been implemented for 
manufacturing    two of these surfaces using three axis vertical CNC milling machine 
tool with ball end mill cutter. The method can be used in a variety of CAD/CAM 
applications and it has proven to be effective as demonstrated by a number of 
examples using real data from mathematical functions. By applying the proposed 
surface interpolating models the percent error was found to be ranged between 
0.00001% for some model to 3.5% for some other interpolated models with Lagrange 
method. 

Keywords: Sculptured Surfaces, Bivariate Interpolating, Computer Graphics, Error 
Analysis, Lagrange Interpolating 

السطوح المتعرجة من استكمال لقیمة الخطأ الناتج بصريالتحلیل الاحصائي وال

  الخـلاصــة
باس  تخدام طریق  ة المتعرج  ة یق  دم ھ  ذا البح  ث طریق  ة عام  ة لاس  تكمال وتمثی  ل الس  طوح الھندس  یة     

 ع دة درج ات  وق د ت م اعتم اد    , للتحلیلات العددی ة وتطویرھ ا لجعلھ ا ملائم ة للتطبیق ات الھندس یة      لاكرانج 
وتحلی ل الخط أ الن اتج م ن ج راء لید بیانات السطوحلتو من الدرجة الثالثة لغایة الدرجة الثامنةللاستكمال 

مقارن ة النت ائج م ع البیان ات الحقیقی ة للس طوح المقترح ة ف ي ھ ذا البح ث حی ث ت م التطبی ق الاس تكمال ث م  
ت   م اس  تثمار البیان   ات التص   میمیة,  ممثل   ة ب   ـدالة الجی  ب و دال   ة أس   یة و دال  ة تكعیبی   ة   أس  طح  ربع     ةلأ

س طحینلتص نیع   بطریق ة لاك رانج المقترح ة    ن خ لال اس تكمال البیان ات   المستنتجة للسطوح المتعرج ة م   
 ب ثلاث مح  اور  وب درجات اس تكمال مختلف ة باس تخدام ماكن ة تفری ز عمودی ة ذات تحك م ع ددي          متع رجین 

  وعدد تفریز ذات نھایة كرویة
وتم  ت المقارن  ة م  ن خ  لال التحلی  ل الاحص  ائي للبیان  ات و اظھ  رت النت  ائج فاعلی  ة الط  ر یق  ة       

مطورة المقترحة لتمثیل السطوح في تطبیقات الھندسیة العكسیة و التصمیم المعان بالحاس وب وغیرھ ا   ال
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لاح د النم اذج   %  0.00001تراوح ت   نسبة الخطأ وعند مقارنة النتائج المختلفة وجد ان , من التطبیقات
  )لنموذج اخر% 3.5الى 

  
1. Introduction 

nterpolation, a fundamental topic 
in numerical analysis, is the 
problem of constructing a 
function which goes through a 
given set of data points. In some 
applications, these data points 

are obtained by sampling a function or  
Process; subsequently, the values of 
the function can be used to construct 
an interpolant, which must agree with 
the interpolated function at the data 
points.  
The simplest kind of interpolation, in 
which most development has been 
made, is interpolation by means of 
univariate polynomials [1]. 

Multivariate interpolation has 
applications in computer graphics, 
numerical quadrature, cubature, and 
numerical solutions to differential 
equations [2 and 3]. The sub purpose 
of this   paper is to submit a 
multivariate Lagrange formula, under 
conditions which we will specify. 

Given a finite collection of 
points in affine space, we shall 
investigate 2D lagrangian methods for 
generating polynomial curves and 
surfaces that pass through the points. 
We begin with schemes for curves and 
later extend these techniques to 
surfaces. 

The Surface Modeling process 
includes a set of operations that allow 
transforming spatial data representing 
a three-dimensional surface from one 
form to another. The most familiar 
example of such data is probably the 
variation in elevation surface [4] and 
[5]. However, any variable can be 
visualized and analyzed as a three-
dimensional surface as long as it 
varies relatively smoothly at the 

chosen map scale and has only a 
single value at each location.  

A three-dimensional surface can be 
approximated in a number of forms, 
including irregularly-spaced point 
observations, a regular grid of values, 
or contour lines of equal value 
(isolines). Surface interpolates a 
regular grid of values from data in the 
input object and outputs the grid as a 
meshed object.  

The input data can be in the form 
of points stored in a vector object or in 
a database that   has X and Y 
coordinate fields for each record. The 
input object used in this work  is a 3D 
vector object regularly-spaced sample 
elevation points from a sculptured 
surface. The elevation is stored as a Z-
value for each point. 
    The proposed interpolation method 
can be used in a variety of CAD/CAM 
applications and reverse engineering 
Interpolation 

Many times, data is given only at 
discrete points such as ( ),, 00 yx  
( )11, yx , ......, ( )11, −− nn yx , ( )nn yx , .  
So, how then does one find the value 
of y  at any other value of x ?  a 
continuous function ( )xf  may be 
used to represent the 1+n  data values 
with ( )xf  passing through the 1+n  
points .  Then one can find the value 
of y  at any other value of x .  This is 
called interpolation.  If x  falls outside 
the range of x  for which the data is 
given, it is no longer interpolation but 
instead is called extrapolation [1] and 
[3].   
A polynomial function )(xf  is a 
common choice for an 
interpolating function because 

I
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polynomials are easy to evaluate, 
differentiate, and integrate, 
Polynomial interpolation involves 
finding a polynomial of order n  that 
passes through the 1+n  data points.  
One of the methods used to find this 
polynomial is called the Lagrangian 
method of interpolation.  Other 
methods include Newton’s divided 
difference polynomial method and the 
direct method.   
Lagrange Interpolation 
The Lagrange interpolating 
polynomial is given by [6]: 

 ∑
=

=
n

i
iin xfxLxf

0
)()()(  

where n  in )(xfn  stands for the 
thn  order polynomial that 

approximates the function 
)(xfy =  given at 1+n  data points 

as 
( ) ( ) ( ) ( )nnnn yxyxyxyx ,,,,......,,,, 111100 −−

, and 

 ∏
≠
= −

−
=

n

ij
j ji

j
i xx

xx
xL

0

)(  

)(xLi  is a weighting function that 
includes a product of 1−n  terms 
with terms of ij =  omitted.   
 (1- D) Interpolation ( y =f(x)): 

Interpolating polynomial of nth 
degree of a sequence of planar points 
defined by 

),(),...,,(),,( 2211 nn yxyxyx  where 

ji xx <  for ji <  can be calculated 
as:[6]  

∑
=

=
n

i
nin xLyxF

1
,1 )()(   ….….(1) 

Where: 

))..()()......((
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…..(2) 
Short notation for this formula is: 

∏∑
≠
==












−

−
=

n

ij
j ji

j
n

i
in xx

xx
yxF

01
)(  ….. (3) 

where ∏ denotes multiplication of 
the n factors obtained by varying j 
from (o to n), excluding ji = , it can 
be observed that the function 
multiplying iy  is equal to unit when 

ixx =  but becomes zero when (x) 
equals any of the other coordinates.  

Methodology 
The methodology of this work to 

represent and analyze the error 
caused by using modified 2D 
Lagrange interpolating of 
sculptured surfaces with different 
interpolating order (3rd  to  8th ) , 
can divide into the following six 
steps: 

1. Definition of the input data 
point set. 

2. Surface representation for a 
mathematically defined 
function. 

3. Construction of 2D 
lagrangian models for 
surface interpolating. 

4. Surface interpolating and 
representing using a 
modified 2D lagrangian 
model. 

5. Statistical and visual 
analysis of the error caused 
by interpolation. 

6. Implementation 
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1. Definition of the input control 
point  
     Set  

The first step for modeling 
surfaces is the definition of the 
input data point set that will be 
used to reconstruct the surfaces. 
This sample set must be 
representative of the phenomenon 
to be modeled [7] and [8]. To 
compare the high order 
interpolating approaches for 
surface interpolating ( 3rd to 8th 
order ), four different patterns have 
been chosen.  
The first pattern of comparison is 
the following mathematically 
defined function that will be called 
sine function: 

)*4/)*4sin( 2222 yxyxz ++=  
…..(4) 

 
The second pattern of comparison 
is the following mathematically 
defined function that will called 
polynomial function  

))1*11*9*14*8(*5.0
)1(*)1(*)2((*015.0

234

34

−+−−

+−+−=

yyyy
xxxz

 

…..(5) 
 
The third pattern of comparison is 
the following mathematically 
defined function that will called 
exponential function  

)( 22

* yxexz −−=         ……..….(6) 
 
Finally, the fourth pattern of 
comparison is a free form surface. 
   
2. Surface interpolating for a     
     mathematically defined function 

Engineering surfaces can be 
modeled and rendered in several ways 

[9].Four demonstrative surface 
construction examples have been 
provided in this work. Mathematical 
models were rendered using the sine, 
polynomial, exponential and free 
form, to perform this task, rectangular 
grids 50x50 points were constructed 
using (z) values calculated from the 
models. Figures 1, 2, 3 and 4 show the 
perspective view of the rendered 
surfaces as real surfaces represent the 
four different functions. 
3. Construction of 2D lagrangian 
models for surface interpolating 

Bilinear interpolation is an extension 
of linear interpolation for interpolating 
functions of two variables (x and y) on 
a regular grid.  
The key idea is to perform linear 
interpolation first in one direction, and 
then again in the other direction.  
In this paper adopted method 2D 
Lagrange interpolation with different 
high order basis functions of surface 
data generation has been implemented, 
tested and evaluated. The adopted 
method is an extension to the earlier 
interpolation method (1D) but by 
computing both (x)  and (y) data to 
drive the (z) data as in general form of 

),( yxFz =   
The mathematical solution steps of the 
proposed method can be formulated as 
follows:  
Step-1- Considering a sequence of 
planar points (input data set points) 
defined by:-  
 

),,,( 111 zyx ),,(),...,,,( 222 nnn zyxzyx  
where ),(),( ljki yxyx <  
for lkji << , .  
  
Step-2- The interpolating polynomial 
of nth, mth degree can be formulated as: 
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∑
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Step-3- 
  The determination of Lagrange 
coefficients in both direction (x,y) can 
be invested to determine the interior 
data of the desired surface depending 
on a few initial data set points. 

In more details the flow chart of the 
proposed technique illustrated in 
Figure (5) explain each step of the 
program that have been built to 
generate the interior data of the 
desired 3D  sculptured surface while a 
suitable program was linked with 
MATLAB(V.7) software to   represent 
the desired  surfaces in graphical 
mode with different orders (3rd to 8th). 
4. Surface interpolating and 
representing using a modified 2D 
lagrangian model 

Based on the data set of initial  
points derived from the mathematical 
formulas    of the original surfaces, the 
previous 2D Lagrange formulation 
have been invested to     generate the 
interior data of the interpolated 3D 
surfaces and the surface can be 
rendered and represented, with the aid 
of (MATLAB V.7) soft-ware. The 
Figures (6, 7, 8 and 9)   illustrate      
the representation of the selected 
surfaces by using proposed 2D 
Lagrange of 3rd to 8th order 
interpolating models 

 
 

5.Statistical  and visual analysis of 
the error caused by interpolation 
     
    a. Statistical analysis 

In order to perform a statistical 
analysis of the surfaces rendered by 
the proposed 2D lagrangian 
interpolating approaches (3rd to 8th 
order), we compared them with the 
original surfaces. This was 
achieved by comparing the regular 
rectangular grids created by the 2D 
lagrangian method with the real 
grids. 

The approximation error in some 
data is the discrepancy between an 
exact value and some 
approximation to it. An 
approximation error can occur 
because the approximations are 
used instead of the real data.  

One commonly distinguishes 
between the relative error and the 
absolute error. The absolute error is 
the magnitude of the difference 
between the exact value and the 
approximation. The relative error is 
the absolute error divided by the 
magnitude of the exact value. The 
percent error is the relative error 
expressed in terms of per 100. 
For each point of a regular 
rectangular grid, we calculate the 
absolute error function fE  defined 
as the difference between the real 
elevation of the function fZ  and 
the approximated elevation approxZ  
at that point. The absolute error 
function is defined as: 

approxff ZZE −=   ……(11) 
Where the vertical bars denote the 
absolute value.  
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If  0≠fE   the relative error is 
 

f

approxf

f

approxf
r

Z
ZZ

Z

ZZ
E

−
=

−
=

 ……… (12) 

 
and the percent error is 
 

100

100

×
−

=

×
−

=

f

approxf

f

approxf
percent

Z
ZZ

Z

ZZ
E

. (13) 

 
If there are n points representing 
the surface, then the average vA   
and standard deviation dS  of the 
error function can be evaluated 
according to the following 
equations [2],[3]: 
 

)/(
0

nEA
n

i
fv i∑

=

=            .…… (14) 

   
                                               .. (15) 
 
In this paper sine, polynomial, 
exponential and free form surfaces 
data file have been used as source 
of real data fZ  on each point of the 
grid. For several tested surfaces the 
value of approxZ  in each point of the 
grid, has been approximated using 
the 3rd to 8th 
b. Visual Analysis 

In this work the absolute error in 
each grid of the generated 

sculptured surfaces have been 
calculated as difference between the 
elevation of each grid of the   original    
surface model and those created from  
the 3rd to 8th proposed 2D Lagrange 
interpolating   model , then this 
calculated data ( elevation difference) 
have been manipulated , rendered and 
represented as an error map that 
give good expressions about the 
distribution of the error among 
each interpolated surface. A visual 
analysis of the elevation error due to 
interpolating of the models (sine, 
polynomial , exponential and free 
form) are illustrated in the Figures 10, 
11, 12 and 13, respectively. 
Implementation 

In addition to generation of 
the interior data of desired 
interpolated sculptured surfaces the 
adopted technique have the ability 
of: 

• Tool path generation  
• CNC program generation to 

machine the desired 
surfaces (finishing) 

The techniques have been 
implemented for the design of 
several different sculptured 
surfaces to illustrates the system 
flexibility, the design result have 
been implemented for 
manufacturing two of these 
surfaces using CNC vertical 
machine . 
The simplest approach used in 
finish machining is iso-parametric 
tool path generation. Surface points 
are calculated as a function of (u, 
w) parameter space, the tool is then 
indexed along the surface by 
incrementing (u) and (w). Tool 
path planning is accomplished by 
holding the w parameter constant 

2
1

2

1
))(

1
1( ∑

=

−
−

=
n

i
Vif AE

n
STD
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and indexing the u parameter, 
hence the term iso-parametric 
machining [10].  
Step-forward increments in u must 
be carefully chosen since tool 
movements are linearly 
interpolated and the chordal 
deviation between the straight lines 
and the actual surface must be less 
than the desired tolerance. Step-
over increments in w must be small 
enough to keep the cusps between 
the spherically shaped cutter paths 
to less than the desired tolerance. 
The Figures (14 and 15) illustrates 
the tool path and the machined 
model of two selected sculptured 
surfaces. 
Results and Conclusions 

After the elevation comparison 
have been made between the 
interpolated surfaces 3rd – 8th order 
with the original models, the 
elevation error in each grid of the 
interpolated surfaces are calculated 
then the result are analyzed 
according to the equations (11 to 
15) as maximum error, absolute 
error, relative error, percent error 
average error and standard 
deviation as illustrated in the tables 
1, 2, 3 and 4. Each table lists 
coefficients of error for 2500 (50 x 
50 points) counties of 6 maps (3rd 
to 8th order) examined for each 
interpolated sculptured surface in 
the analysis. 
Conclusions 

In this work a Lagrange’s 
interpolation polynomial has been 
derived. Specifically, the proposed 
algorithm showed how to interpolate 
multinomial function of degree n 
given distinct points; also the 

algorithm provided numerical 
examples to illustrate the use of the 
derived expression.  
1. This work presents a general 

framework for a higher-order 2D 
Lagrange method and apply this to 
smooth surface constructions. 
Starting from a third order, the  
general level set formulation has 
been derived , and provide an 
efficient solution of a high order 
(8th order).  

2. High order interpolation scheme 
have been presented in this paper to 
generate sculptured surfaces 
characterizing the shape of given 
data mesh with low error. The 
presented interpolating scheme 
give good continuity on the 
resulting surfaces and it's visible on 
test models, the overall surface 
shape is very good. Further, the 
interpolating scheme is not only 
cubic and it will offer great 
advantage for easy implementation 
and stability 

3. A comparison between the 
calculated data from 2D Lagrange 
interpolation model and that 
obtained from original 

mathematical model, are in 

good agreement with each 

other and the coincided 

between generated sculptured 

surface and the original one 

reach's up to 99.99% for 

some model.  
4. By applying the proposed surface 

interpolating models the percent 
error was found to be ranged 
between 0.00001% for some model 
to 3.5% for some other interpolated 
models with Lagrange method. 

5. The visual representation of 
the error due to the 

interpolation scheme give a 
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good impression and clear 

idea about the distribution 

of the error function among 

the desired surface   
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Table1. The error statistical analysis of the 1st interpolated surface 

Fitting 
order 

Data set 
points 
(rectangular 
grid) 

Maximum 
deviation 

Average 
 Av 

Standard 
deviation  
STD 

Relative 
error 

Percent 
error 

 
)*4/)*4sin( 2222 yxyxz ++=  

3rd 2500 0.49306 -0.07143 0.056628 3.5017 3.50% 

4th 2500 0.64062 0.087343 0.081979 2.0148 2.01% 

5th 2500 0.29289 0.087343 0.019644 1.7908 1.79% 

6th 2500 0.48576 0.036009 0.062961 2.2835 2.28% 

7th 2500 0.272 0.013266 0.037113 1.3765 1.37% 

8th 2500 0.27038 -0.02523 0.030362 0.93868 0.94% 

 
Table2. The error analysis of the 2nd interpolated surface 

 
Fitting 
order 

Data set 
points 
(rectangular 
grid) 

Maximum 
deviation 

Average 
 Av 

Standard 
deviation 
STD 

Relative 
error 

Percent 
error 

 
))1*11*9*14*8(*5.0)1(*)1(*)2((*015.0 23434 −+−−+−+−= yyyyxxxz  

3rd 
 

2500 0.30119 -0.0442 3.8917x10-7 20.547 20.5% 

4th 

 
2500 0.16749 0.01325 2.3128 x10-7 5.1064 5.1% 

5th 
 

2500 0.055397 0.002218 2.563 x10-7 1.5256 1.5% 

6th 
 

2500 0.093046 -0.01142 8.2049 x10-7 6.5526 6.5% 

7th 
 

2500 0.051172 -0.00695 6.2738 x10-7 3.5023 3.5% 

8th 
 

2500 4.8094x10-5 3.78x10-7 3.3207 x10-6 0.000373 0.0004% 
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Table3. The error analysis of the 3rd interpolated surface 
 
Fitting 
order 

Data set 
points 
(rectangular 
grid) 

Maximum 
deviation 

Average 
 Av 

Standard 
deviation  
STD 

Relative 
error 

Percent 
error 

 
)( 22

* yxexz −−=  
 
3rd 
 

2500 0.21586 2.585x10-18 0.03548 2.4378 2.44% 

4th 

 
2500 0.17568 -2.83x10-18 0.034175 1.3313 1.33% 

5th 
 

2500 0.17808 -1.655x10-18 0.023946 0.77937 0.78% 

6th 
 

2500 0.10818 3.727x10-18 0.014144 0.54755 0.55% 

7th 

 
2500 0.085166 1.801x10-18 0.0094618 0.42252 0.42% 

8th 
 

2500 0.053374 -5.481x10-19 0.0057927 0.20329 0.2% 

 
Table4. The error analysis of the 4th   interpolated surface 

 
Fitting 
order 

Data set 
points 
(rectangular 
grid) 

Maximum 
deviation 

Average 
 Av 

Standard 
deviation  
STD 

Relative 
error 

Percent 
error 

 
Free form Surface 
 
3rd 
 

2500 0.015568 0.029627 1.0813 0.059903 0.06% 

4th 

 
2500 3.7612 2.6x10-5 0.34816 0.030681 0.03% 

5th 
 

2500 0.00049975 1.26x10-5 0.00045 1.01x10-5 0.00001% 

6th 
 

2500 0.0037928 10x10-5 0.0002658 2.29x10-5 0.00002% 

7th 

 
2500 0.0034941 3.15x10-5 0.00034859 2.06x10-5 0.00002% 

8th 
 

2500 0.015568 -22x10-5 0.0010141 3.39x10-5 0.00003% 
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Figure (1) perspective view of the 1st surface.    Figure (2) perspective view of the 2nd surface 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure (3) perspective view of the 3rd surface. Figure (4) perspective view of the 4th surface 
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Calculate surface equation zwuF =),(   
from equation 

),(*)(*)(),(
11

ki

m

k
k

n

i
i yxFwLuLwuF ∑∑

==

=
 

 

Calculate Lagrangian interpolation coefficients 
)(),( wLuL ii
 from equation 

∑
≠
= −

−
=

n

ji
i ji

j
i xx

xu
uL

1

)( ,

Input number data set 
points in x& y direction 

(n, m) 

Input data set points 
coordinates of surface 

Vector (n*m), 

Input increment value 
),( wu ∆∆  

u=xmin 

w=ymin 

w=w+rw 

maxmin ywy ≤≤  

u=u+ru 

maxmin xux ≤≤  

Output 
Surface equation ),( wuFz =  

Surface presentation 
End 

Start 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure (5) Flowchart of the proposed program depending on Lagrangian technique 
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Figure (6) 1st sculptured surface interpolated with different orders (3rd to 8th) 
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Figure (7) 2nd sculptured surface interpolated with different orders (3rd to 8th) 
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Figure (8) 3rd sculptured surface interpolated with different orders (3rd to 8th) 
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Figure (9) 4th sculptured surface interpolated with different orders (3rd to 8th) 

 

 
Figure (10) Error map of the 1st sculptured surface interpolated 3rd order to 8th 

order 
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Figure (11) Error map of the 2nd sculptured surface interpolated 3rd order to 8th 

order 

 
Figure (12) Error map of the 3rd sculptured surface interpolated 3rd order to 8th 

order 
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Figure (13) Error map of the 4th sculptured surface interpolated 3rd order to 8th 

order 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure (14) a- Tool path of the 2nd Sculptured Surface. b- Machined Surface 
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Figure (15) a- Tool path of the 3rd Sculptured Surface. b- Machined Surface 
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