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Abstract  
       A numerical investigation of laminar mixed convection around horizontal isothermal 
cylinder is presented. The free stream direction varies between the vertically upward 
(assisting flow)   and vertically downward (opposing flow). The governing equation in terms 
of the stream function, vorticity and temperature are expressed in a body-fitted coordinate 
system and solved numerically by explicit method. Results are presented for Reynolds 
number from 20 to 300 with Grashof numbers from 0 to 120000. The Prandtl number was 
kept constant at 0.7. Correlation for the average Nusselt number around the cylinder in the 
forced and mixed convection regime is suggested. Comparison with previous theoretical and 
experimental results shows good agreement. It was established that the maximum heat 
transfer from cylinder occurs in case of assisting flow. 
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Nomenclature                        

 
 

Introduction 
   Due to the prominent importance of heat 
transfer in energy technology, several practical 
applications involving mixed convection from 
heated cylinder with various orientations 
continue to command substantial attention. 
These applications include heat exchangers.   
The first comprehensive experimental work on 
the effect of various parameters on the rate of 
heat transfer from a circular cylinder was 
carried out by Hatton [1]. In their work, heat 
transfer measurements were performed for 
Reynolds numbers up to 45 and Rayleigh 
numbers up to 10. Combined free and forced 
convection from the horizontal cylinders, at 
different angles of air flow direction, was 
experimentally invest igated by Oosthuizen 
and Madan [2]. Other experimental studies are 
found in References [3-5]. On the other hand, 
the influence of free stream direction on Mixed  

convection heat   transfer from a circular 
cylinder was numerically investigated by Badr 
[6].The cylinder, which has an isothermal 
surface, is placed with its axis horizontal and 
normal to the oncoming flow. The free stream 
direction varies between the vertically upward 
(assisting flow) and the vertically downward 
(opposing flow) directions. The study was 
based on the solution of the full conservation 
equations of mass, momentum and energy. The 
study was limited to Reynolds numbers up to 
(Re = 40) and Grashof numbers of (Gr = Re2). 
Other theoretical studies are found in 
References [6-19].The main objective of this 
work is to conduct a theoretical investigation 
of the effect of flow direction on the heat 
transfer process for Reynolds number up to 
300 and Grashof number up to 120000. The 
study is based on the solution of full Navier-
Stokes and energyequatio
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Mathematical Formulation 
Governing Equations 

The problem considered in this study is a 
viscous incompressible, and laminar flow 
passing across heated cylinder as shown in 
Figure (1). The governing equations consist of 
full Navier-Stokes and energy equations 
formulated in terms of velocity, pressure, and 
temperature. Under the Boussinesq 
approximation [20], these equations are 
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To eliminate pressure from the above equation, 
the vorticity-stream function method will be 
based on in the solution to obtain two 
equations are vorticity transport and stream 
function equations as follows: 
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The initial conditions are 
Ψ = ω = θ = 0  in the region for t = ....(8)                                
  
The boundary conditions used for 
computations are given as follows: uniform 
inflow with      ω = θ = 0 and stream function 
will be a function to the length of inlet. At The 
cylinder surface, Ψ = 0 and θ = 1 while the 
vorticity on the cylinder surface will not be 
treated easily, since its value depends on the 
average of the velocity components on the 
cylinder, which is unknown until the end of 
calculations. At upper and lower boundaries, ω 
= 0 and θy = 0. Also, stream function at upper 

boundary and lower boundary are(Ψ = 1 and Ψ 
= -1) respectively. At outlet flow, Ψx = ωx = θx 
= 0.  
 
Coordinate Transformation 
Due to curvilinear geometry of the boundary, a 
system of general coordinate has been adopted 
here in order to obtain a computationally 
convenient representation of the physical 
domain. If x and y are set as physical domain 
and ζ and η as computational domain, then the 
computational domain can be specified by the 
following rectangle region 
0 ≤ ζ ≤ 1 ,  0 ≤ η ≤ 1. 
The relationships of x , y and ζ , η for the 
present study are as follows 
ζ = ζ(x, y)                                         …(9) 
η = η(x, y)                                       …. (10) 
With the above, the governing equations in 
computational domain are expressed as 
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Method Of Solution 
The two equations of vorticity transport and 
energy will be solved by explicit method finite 
difference based on the time marching 
technique. The time marching technique used 
for solving the unsteady governing equations 
to obtain the steady velocity and temperature 
distributions is based on studying the time 
development of the velocity and thermal fields 
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until reaching steady conditions. These 
equations are 
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But, the stream function equation will be 
solved by relaxation method SOR as follows 
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The final form of stream function equation is  

( ) ( ) ( )jiITIT RF ,1 .∆Ψ+Ψ=Ψ +     …. (17) 
 
Calculation of Nusselt number 
When the solution convergence criterion is 
reached, the local and mean Nusselt numbers 
on the cylinder walls are calculated. From the 
balance of heat flux at the surface, the Nusselt 
number can be obtained as 

n
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Now, Equation (18) is transformed into general 
coordinate(ζ,η) as follows[21]: 
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Since the temperature along the wall cylinder 
(w) is constant, 0=

∂
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ξ
θ , Equation (19) 

becomes: 

ηθ
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γ
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 The Nusselt number in Equation (20) is the 
local Nusselt number. To find the average 
Nusselt, the local Nusselt number should be 
integrated by using numerical integration [22]. 
 
Results and Discussion 

The numerical solution of the steady flow 
over the cylinder is obtained for different free 
stream direction at Reynolds numbers of 20, 
40, 100, 200, 300 and for parametric values of 
Grashof number in each case. It is found from 
the results that the velocity and temperature 
field is highly influenced by the free stream 
direction. Figure (2) shows the streamline 
contours for mixed convection around cylinder 
at Reynolds number (40) and (Gr =8000) with 
different free stream directions. In general, it 
can be seen from figure that the size and 
orientation of wake region are completely 
dependent on the free stream direction (λ) and 
(Gr/Re2). No reverse flow takes place in the 
wake and the vortices completely disappear for 
(λ = 0o, 45o and 90o) and the flow separation at 
(γ = 180o, 200o and 210o) respectively. For 
opposing flow, the wake boundaries 
completely surround the cylinder forming a 
cylindrical dome. The circulation fluid inside 
the dome is driven by the buoyant forces and 
never gets entrained to the main stream. The 
separation occurs at stagnation point (γ = 
180o). Also, it is found that the temperature 
gradient decreases as (λ) increases [see Figure 
(3)]. This is due to the fact that, when (λ = 0o), 
the buoyancy forces accelerate the flow, and 
the temperature gradient will increase. This 
effect will decrease as (λ) increase until 
reaching (λ = 180o). On the other hand, at (λ = 
180o) the temperature gradient decreases. This 
is because, the circulating fluid in the wake is 
completely isolated from the main flow and 
heat is transferred from this region to the main 
flow by conduction across the wake 
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boundaries.  Figure (4) shows the local Nusselt 
number distribution on the cylinder surface for 
case of Re = 100 and Gr = 50000 at different 
flow direction. In general, the local Nusselt 
number decreases over most of the cylinder 
surfaces as (λ) increases. This is expected to 
occur as a natural result of the slow down of 
the flow velocity near the cylinder surface. In 
assisting flow, the maximum Nusselt number 
occurs at stagnation point (γ =0).It is found 
that for (λ≤ 135o), there is an increase in 
Nusselt number at (γ = 230o, 265o and 325o). 
This is due to the fact that at this location, the 
buoyancy forces aid the flow. It can be seen 
that for opposing flow, the maximum Nusselt 
number occurs at rare stagnation points (γ = 0o 
and 360o) and the minimum Nusselt number 
occurs near stagnation point. This is mainly 
because the buoyant forces aid the circulating 
flow close to the cylinder surface near (γ = 0o 
and 360o). This effect causes Nusselt number 
to increase with the increase of Grashof 
number in the same region, while a decrease in 
the region surrounding the forward stagnation 
point (γ = 0o). It is found that the average 
Nusselt number decreases as (λ) increases. 
This is because the buoyancy forces aid the 
flow around most of cylinder surfaces, and this 
effect decreases as (λ) increases (see Figure 
(5)). A comparison with previous theoretical 
and experimental results as shown in figures (6 
and 7). 
 
Correlation Equations 

   It is usual to express the main governing 
variables by the way of putting a set of the 
correlation equations. These equations are 
responsible for the description of the whole 
results obtained. 

   The following equation is concerned with 
mixed convection around circular 

( )[
3043.02
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f
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The average Nusselt number for pure forced 
convection is correlated as 

Re0004.0Re5145.0 5.0 +=fNu               
…..(2) 

 

Conclusions 

A numerical, finite – difference approach has 
been utilized for solving the governing 
equations for laminar, mixed convection 
around isothermal circular cylinder in cross 
flow. Results for local and average Nusselt 
number are obtained for Pr = 0.7 and (0o ≤ λ ≤ 
180o). Ranges of Reynolds and Grashof 
numbers are (20 - 300) and (0-120000) 
respectively. From these results, the following 
conclusions can be drawn: 
1. Free stream direction has a strong effect 

on the distributions of Nusselt number. 
The valuesofNusselt number decrease 
over most of the cylinder surfaces as (λ) 
increases.  

 
2. For low value of Grashof number, the 
average Nusselt number decreases as(λ) 
increases. As Grashof number increases, 
the average Nusselt number increases 
monotonically for (λ ≤ 135o), while, the 
average Nusselt number decreases for (λ 
> 135o) as Grashof number increases. 
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Figure (1) Geometry and coordinate system for the present 
study. 
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Figure(2) Streamline contours for different free stream  
directions  at Re = 40 and Gr =8000. 
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 Figure (3) Isotherm line contours for different free stream directions                                                      
at Re = 40 and Gr =8000. 
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Figure (4) Local Nusselt number distribution on the cylinder surface for different free 
stream directions  at Re = 100 and Gr = 50000. 
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Figure (5) Variation of average Nusselt number with free stream                     
direction at Re = 40. 
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Figure(6) Comparison between present work and theoretical result by Badr [13]  at 
Re =100 and λ = 0o. 
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Figure (7) Comparison between present work and previous experimental 
results at Re =100 and λ = 0o. 
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