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Abstract 
   Three numerical methods were implemented for solving the eight-order 
boundary value problems. These methods are Differential transformation method, 
Homotopy perturbation method, and Rung-Kutta of 4th Order method. Two 
physical problems from the literature were solved by these methods for comparing 
results. Solutions were presented in Tables and figures. The differential 
transformation method shows an effective numerical solution to linear boundary 
value problems. This considers an important contribution in solving boundary 
value problems by the differential transformation method. 
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حل مسائل القيمة الحدية للمعادلات التفاضلية من المرتبة الثامنة باستخدام ثلاثة 
 طرائق عددية مختلفة

الخلاصة 
تم في ھذا البحث حل مسائل القیمة الحدیة للمعادلات التفاضلیة من المرتبة الثامنة باستخدام ثلاثة طرائق       

طریق   ة التحوی   ل التفاض   لي وطریق   ة الاض   طرابإن الطرائ   ق العددی   ة المس   تخدمة ھ   ي   . عددی   ة مختلف   ة 
ین. الھوموتوبي و طریقة رانج كوتا م ن المرتب ة الرابع ة     ت م تطبی ق الطرائ ق الثلاث ة لح ل مس ئلتین تطبیقیت 

لوحظ إن طریقة التحویل التفاض لي. تم عرض النتائج على شكل جداول ومخططات بیانیة. ومقارنة النتائج
.  مسائل القیمة الحدیة للمعادلات التفاضلیة الخطیة من المرتبة الثامنة ذات كفاءة ودقة عالیة في حل 

1. Introduction
Let investigate the general

eight-order boundary value problem
of the type[1]:

],[),()()()()( baxxgxyxfxy viii ∈=+
(1.1)

With boundary conditions
10 )(,)( αα == byay     , 

1
)2(

0
)2( )(,)( ββ == byay ,  

1
)4(

0
)4( )(,)( ξξ == byay   , 

1
)6(

0
)6( )(,)( ψψ == byay       

  (1.2) 
Where 10101010 ,,,,,,, ψψξξββαα
are constants and )(),( xgxf : 

),0[]1,0( ∞×  (0,1] ,continuous and 

y
f

∂
∂  exists and continuous and 

0≥
∂
∂

y
f .  

       A class of characteristic-value 
problems of higher order is known to 
arise in hydrodynamic and 
hydromagnetic stability [2, 3]. When 
a layer of fluid is heated from below 
and is subject to the action of 
rotation, instability may set in as 
over stability [2, 4, 5]. This 
instability may be modeled by an 
eighth-order ordinary differential 
equation with appropriate boundary 
conditions [2, 5, 6]. For more 
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discussion about the eighth-order 
boundary value problems, see [2–4, 
6–8] and the references therein. The 
literature of numerical analysis 
contains little on the solution of the 
eighth-order boundary value 
problems [7]. Research in this 
direction may be considered in its 
early stages. Theorems which list the 
conditions for the existence and 
uniqueness of solutions of such 
problems are contained in a 
comprehensive survey by Agarwal 
[9]. 
     In this paper we apply three 
numerical methods to solve 
Boundary Value Problems (BVPs), 
as solving Eq. (1.1) under the 
conditions (1.2). These methods are 
Differential transformation method 
[10], Homotopy perturbation method 
[11], and Rung-Kutta (RK4) [12].  
Special program is designed to apply 
these methods. Two physical 
problems were studied before from 
[1] are solved by these methods. 
Special Computer programs are 
written in order to implement 
methods algorithms. Results are 
presented by tables and figures to 

compare errors and solutions for 
these methods. 
2. Rung-Kutta 4th Order Method 
[12]: 
            Consider the boundary value 
problem in Eq.(1.1) under the 
condition in Eq.(1.2) , it will be 
transform to eight first-order 
equations  by assuming:  

 1p
dx
dy

=                                   (2.1) 

 2
1 p

dx
dp

=                                 (2.2) 

 3
2 p

dx
dp

=                                 (2.3) 

 4
3 p

dx
dp

=                                 (2.4) 

 5
4 p

dx
dp

=                                (2.5) 

 6
5 p

dx
dp

=                                 (2.6) 

7
6 p

dx
dp

=                                  (2.7) 

Then Eqs.(1.1) becomes: 

 )()()(7 xgxyxf
dx
dp

+−=                                                                                    

                                                 (2.8) 
The solution )(xy  for this problem 
from 00 =x  to  1=nx  after 
assuming h  and n  where: 

n
xxh n 0−

=                               (2.9) 

The set of 1st order (ODEs) from 
(2.1) to (2.8) are solved together 
from the following: 

)22(
6
1

4321
1 kkkkyy nn ++++=+                                                                       

                                            (2.10) 

)22(
6
1

43211
1

1 LLLLpp nn ++++=+

                                                                    

                                            (2.11) 

)22(
6
1

43212
1

2 MMMMpp nn ++++=+

                                            (2.12) 

)22(
6
1

43213
1

3 NNNNpp nn ++++=+

               
                                              (2.13) 

)22(
6
1

43214
1

4 RRRRpp nn ++++=+

                                                                   
                                            (2.14) 
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)22(
6
1

43215
1

5 SSSSpp nn ++++=+

                                                                    
                                            (2.15) 

)22(
6
1

43216
1

6 TTTTpp nn ++++=+  

                                            (2.16)                                                                     

)22(
6
1

43217
1

7 UUUUpp nn ++++=+

                                            (2.17) 
                                             
Constants: 

43214321

432143214321

432143214321

,,,,,,,,
,,,,,,,,,,,

,,,,,,,,,,,,

UUUUTTTT
SSSSRRRRNNNN
MMMMLLLLkkkk

 
in Eqs.(2.10) to (2.17) are calculated  
from : 

),
,,,,,,,(1.

76

543211

pp
pppppyxfnfhk =

                                             

                                           (2.18) 
 

),
,,,,,,,(2.

76

543211

pp
pppppyxfnfhL =

                                           

                                           (2.19) 

),
,,,,,,,(3.

76

543211

pp
pppppyxfnfhM =

                                          
                                            (2.20) 
 

),
,,,,,,,(4.

76

543211

pp
pppppyxfnfhN =

                                          
                                             (2.21) 

),
,,,,,,,(5.

76

543211

pp
pppppyxfnfhR =

 

                                            (2.22) 

),
,,,,,,,(6.

76

543211

pp
pppppyxfnfhS =

 

                                             (2.23) 

),
,,,,,,,(7.

76

543211

pp
pppppyxfnfhT =

 

                                             (2.24) 

),
,,,,,,,(8.

76

543211

pp
pppppyxfnfhU =

 
                                            (2.25) 

)2/,2/,2/,2/
,2/,2/,2/

,2/,2/(1.

1716151

413121

112

UpTpSpR
pNpMpL

pkyhxfnfhk

+++

+++
+++=

                                              (2.26) 

)2/,2/,2/
,2/,2/,2/,2/

,2/,2/(2.

171615

1413121

112

UpTpSp
RpNpMpL

pkyhxfnfhL

+++

+++
+++=

                                           (2.27) 

)2/,2/,2/
,2/,2/,2/,2/

,2/,2/(3.

171615

1413121

112

UpTpSp
RpNpMpL

pkyhxfnfhM

+++

+++

+++=

                                            (2.28) 

)2/,2/,2/
,2/,2/,2/,2/

,2/,2/(4.

171615

1413121

112

UpTpSp
RpNpMpL

pkyhxfnfhN

+++

+++
+++=

                                            (2.29) 

)2/,2/,2/
,2/,2/,2/,2/

,2/,2/(5.

171615

1413121

112

UpTpSp
RpNpMpL

pkyhxfnfhR

+++

+++
+++=

                                             (2.30) 

)2/,2/,2/
,2/,2/,2/,2/

,2/,2/(6.

171615

1413121

112

UpTpSp
RpNpMpL

pkyhxfnfhS

+++

+++

+++=

                                           (2.31) 

)2/,2/,2/
,2/,2/,2/,2/

,2/,2/(7.

171615

1413121

112

UpTpSp
RpNpMpL

pkyhxfnfhT

+++

+++
+++=

                                          (2.32) 
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)2/,2/,2/
,2/,2/,2/,2/

,2/,2/(8.

171615

1413121

112

UpTpSp
RpNpMpL

pkyhxfnfhU

+++

+++

+++=

                                          (2.33) 

)2/,2/,2/
,2/,2/,2/,2/

,2/,2/(1.

272625

2423222

123

UpTpSp
RpNpMpL

pkyhxfnfhk

+++

+++

+++=

                                            (2.34) 

)2/,2/,2/
,2/,2/,2/,2/

,2/,2/(2.

272625

2423222

123

UpTpSp
RpNpMpL

pkyhxfnfhL

+++

+++
+++=

                                             (2.35) 

)2/,2/,2/
,2/,2/,2/,2/

,2/,2/(3.

272625

2423222

123

UpTpSp
RpNpMpL

pkyhxfnfhM

+++

+++

+++=

                                             (2.36) 

)2/,2/,2/
,2/,2/,2/,2/

,2/,2/(4.

272625

2423222

123

UpTpSp
RpNpMpL

pkyhxfnfhN

+++

+++

+++=

                                              (2.37) 

)2/,2/,2/
,2/,2/,2/,2/

,2/,2/(5.

272625

2423222

123

UpTpSp
RpNpMpL

pkyhxfnfhR

+++

+++
+++=

                                             (2.38) 

)2/,2/,2/
,2/,2/,2/,2/

,2/,2/(6.

272625

2423222

123

UpTpSp
RpNpMpL

pkyhxfnfhS

+++

+++

+++=

                                             (2.39) 

)2/,2/,2/
,2/,2/,2/,2/

,2/,2/(7.

272625

2423222

123

UpTpSp
RpNpMpL

pkyhxfnfhT

+++

+++

+++=

                                             (2.40) 

)2/,2/,2/
,2/,2/,2/,2/

,2/,2/(8.

272625

2423222

123

UpTpSp
RpNpMpL

pkyhxfnfhU

+++

+++
+++=

                                              (2.41)                              

                                        (2.42) 

),,
,,,,

,,(2.

373635

3433323

134

UpTpSp
RpNpMpL
pkyhxfnfhL

+++

+++
+++=

    

                                          (2.43) 

),,
,,,,

,,(3.

373635

3433323

134

UpTpSp
RpNpMpL
pkyhxfnfhM

+++

+++

+++=
    

                                              (2.44) 

),,
,,,,

,,(4.

373635

3433323

134

UpTpSp
RpNpMpL
pkyhxfnfhN

+++

+++
+++=

   

                                             (2.45) 

),,
,,,,

,,(5.

373635

3433323

134

UpTpSp
RpNpMpL
pkyhxfnfhR

+++

+++
+++=

    

                                             (2.46) 

),,
,,,,

,,(6.

373635

3433323

134

UpTpSp
RpNpMpL
pkyhxfnfhS

+++

+++

+++=
    

                                             (2.47) 

),,
,,,,

,,(7.

373635

3433323

134

UpTpSp
RpNpMpL
pkyhxfnfhT

+++

+++
+++=

 

                                            (2.48) 

),,
,,,,

,,(8.

373635

3433323

134

UpTpSp
RpNpMpL
pkyhxfnfhU

+++

+++
+++=

 

                                              (2.49) 
 
3. Differential Transformation 
Method  DTM [10]: 
      The differential transformation of 
the k-th derivatives of function )(xy  
is defined as follows [10]: 

0
!

1)(
xx

k

k

dx
yd

k
kY

=








=                   (3.1) 
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and )(xy  is the differential inverse 
transformation of )(kY  defined as 
follows: 

∑
∞

=

−=
0

0 )).(()(
k

kxxkYxy            (3.2) 

for finite series of  k = N , Eq.(3.2) 
can be written as: 

∑
=

−=
N

k

kxxkYxy
0

0 )).(()(            (3.3)                                                                       

The following theorems that can be 
deduced from Eqs.(3.1) and (3.3) are 
given below [10]: 
Theorem 3.1.  
If )()()( xhxgxy ±=  ,then 

)()()( kHkGkY ±= .                              
Theorem 3.2. If )(.)( xgxy α=  
,then )(.)( kGkY α= . 

Theorem 3.3. If 
dx

xdgxy )()( =  

,then )1().1()( ++= kGkkY . 

Theorem 3.4. If 
m

m

dx
xgdxy )()( =  

,then 
)().!/)!(()( mkGkmkkY ++= . 

Theorem 3.5. If )().()( xhxgxy =  
,then )()()(

0
lkHlGkY k

l
−= ∑ =

. 

Theorem 3.6. If mxxy =)(  ,then 





≠
=

=−=
mkif

mkif
mkkY

0
1

)()( δ

Theorem 3.7. If ).exp()( xxy α=  
,then !/)( kkY kα= . 
Theorem 3.8. If 

).sin()( λα += xxy  ,then 

)2/sin()!/()( λπα += kkkY k . 
Theorem 3.9. 
 If ).cos()( λα += xxy  ,then 

)2/cos()!/()( λπα += kkkY k . 
Theorem 3.10.If ))(exp()( xuxy =  
, 

then:

k
nnn

k

k

k

k

k

k

k

k
k

r

n

kxkkUkkU

kkUkU
n

kY
n

n

n

))(()(

)...()(..

..

!
1)(

0121

121
0

0

3

02

2

01
0 0 1

1

2

−−−

×−=

−−−

=
=

=
=

∞

= =
∑ ∑ ∑∑∑∑

−

−

−

  

4. Homotopy Perturbation Method   
HPM [11] : 
       Consider the following system 
of the integral equations [11]: 
             

∫+=
t

dssFstKtGtF
0

)(),()()( λ

                                              (4.1) 
              

T
n tftftftF ))(),.......,(),(()( 21=

                                                             
              

T
n tgtgtgtG ))(),.......,(),(()( 21=

                                                   
                                                 (4.2) 
              

njni
stKstK ij

,......,3,2,1:,.....,3,2,1
)],([),(
==

=
 

Let 
 0)( =yL                                 (4.3)  
Where L  an integral or differential 
operator, and then a convex 
homotopy is ),( pyH defines by: 
 

)()()1(),( ypLyFppyH +−=                                                                           
                                              (4.4) 
Where )(yF  is a functional operator 
with known solution 0v , which can 
be obtained easily.  It is clear that 
                                                

0),( =pyH                           (4.5) 
From which we have 

)()0,( yFyH = , 
and )()1,( yLyH =  

      This shows that 
),( pyH continuously traces an 

implicitly defined curve from a 
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starting point )0,( 0vH  to a 
solution )1,( fH . The embedding 
parameter increases monotonically 
from zero to unit at the problem 

0)( =yF is continuously deforms 
the original problem 0)( =yL . The 
embedding parameter can be 
considered as an expanding 
parameter [11].  
      The homotopy perturbation 
method uses the homotopy 
parameter   p as an expanding 
parameter to obtain: 
 

.....5
5

4
4

3
3

2
210

0

+++

+++== ∑
∞

=

pypypy

pypyyypy i
i

i

                                   (4.6) 
If  1→p  then (4.5) corresponds to 
(4.3) and becomes the approximate 
solution of the form  

∑
∞

=
→

==
01

lim
i

ip
yyf                   (4.7) 

It is well known that the series (4.7) 
is convergent for most of the cases 
and also the rate of convergent is 
dependent on )( yL , see [13]. We 
assume that problem (4.1) has a 
unique solution. 
Consider the ith equation of (4.1), 
take  

∑
∞

=

=
0

1 )(
i

i
i yptf   ,  ∑

∞

=

=
0

2 )(
i

i
ivptf  ,  

∑
∞

=

=
0

3 )(
i

i
iwptf , ……                                 

                                              (4.8) 
The comparison of like powers of p 
gives solution of various orders. 

5. Numerical Examples 
        Some of the physical problems 
are solved to assign the effectiveness 
and accuracy of the three methods 

[1]. Results are presented in tables 
and figures. Computer programs 
were written to implement 
procedures of the three methods. 
5.1 Example 1 Consider the 
following eight-order non-linear 
boundary value problem [1]: 

10)(. 2
8

)8(

<<−= xxyxe
dx

yd
   

                                              (5.1.1)    
Subject to the boundary conditions 

1)0()0()0()0( )()(// ==== viiv yyyy
 
,

eyyyy viiv ==== )1()1()1()1( )()(//

      
                                              (5.1.2) 
The exact solution is given by  

         xexy =)(                   (5.1.3) 
         This problem was studied by 
[1] by applying Variation iteration 
decomposition method (VIDM).  
 
5.1.1Differential Transformation 
Method  
     By applying the Differential 
Transformation Method using 
theorems 3.1, 3.2, 3.4, and 3.5 to Eq. 
(5.1.1) the recurrence relation can be 
evaluated as follows: 

)]()(
)!(

)1([
)!8(

!)8(

121

0 0 2

)(

2

2

1

2

kkYkY
kkk

kkY
k

k

k

k

kk

−

−
−

+
=+ ∑∑

= =

−

               
                                 

                                              (5.1.4) 
The boundary conditions in 
Eq.(5.1.2) can be transformed at 

00 =x  as: 

720/1)6(
,24/1)4(,2/1)2(,1)0(

=
===

Y
YYY                                                    

                                             (5.1.5) 
Then:
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)())1(821(
!12

1

))3(12)1(127(
!11

1

))1(43(
!10

1))1(21(
!9

1
!8

1)7(
720
1)5(

24
1)3(

2
1)1(1)(

1312

11

109

8765

432

xOxY

xYY

xYxY

xxYxxY

xxYxxYxy

+−

+++−

+−++−

+++++

++++=

ekY
N

k

=∑
=

)(
0

,                       (5.1.6) 

ekkYk
N

k
=++∑

=

!/)2()!2(
0

   (5.1.7) 

ekkYk
N

k

=++∑
=

!/)4()!4(
0

    (5.1.8) 

ekkYk
N

k
=++∑

=

!/)6()!6(
0   

   (5.1.9) 

For N=14 and by using the 
recurrence relations in Eq. (5.1.4) 
and the transformed boundary 
conditions in Eqs. (5.1.6) to (5.1.9), 
the following set of equations 
obtained 

:



















=







































238888.1
181649.1
176752.1
175197.1

)7(
)5(
)3(
)1(

.

5040010000.22222.
84012000238.01269.

42200000.600032.
1111

Y
Y
Y
Y

                                                                                                        

                                          (5.1.10) 
Solving Eq. (5.1.10) then: 

00021.0)7(,0082.0)5(
,1668.0)3(,9987.0)1(

==
==

YY
YY  

Then:

)(101.2105.2

107.21075.2
40320

1

00021.0
720
10082.0

24
1

1668.05.09987.01)(

13129118

107968

7654

32

xOxx

xxx

xxxx

xxxxy

+×−×+

×−×+

++++

++++=

−−

−−

                                          (5.1.11)  
5.1.2 Homotopy Perturbation 
Method     
         To solve the BVPs in Eq. 
(5.1.1) by applying the Homotopy 
Perturbation Method, we can rewrite 
the eight-order boundary value 
problem as a system of eight 
differential equations: 
 

)()( xa
dx

xdy
=  ,      )()( xb

dx
xda

= ,         

)()( xe
dx

xdb
=   

 )()( xf
dx

xde
=  ,     )()( xg

dx
xdf

= ,         

)()( xh
dx

xdg
=                     (5.1.12) 

)()( xz
dx

xdh
=   ,      

)(.)( 2 xyxe
dx

xdz −=                           

This can be written as a system of 
integral equations: 

dttaxy
x

).(1)(
0∫+=                  

dttbAxa
x

).()(
0∫+=  

 dttexb
x

).(1)(
0∫+=                 

dttfBxe
x

).()(
0∫+=  
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dttgxf
x

).(1)(
0∫+=                  
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Using (4.4) and (4.6) for (5.1.13) we 
have: 
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                            (5.1.14)  
Comparing the coefficient of like 
powers of p, we have 
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                                            (5.1.15) 
 
Adding all the terms, (5.1.15) 
gives:
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                                         (5.1.16) 
Using the boundary conditions at 
x=1, then lead to the following 
system of equations 
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                                         (5.1.16) 

 

 

The solution of (5.1.16) gives: 

086357.1,988439.0
,001257.1,999870.0

==
==

DC
BA  

                                           (5.1.17) 
The solution is given as: 
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                                      (5.1.18)  
5.1.3 Rung Kutta Method   RK4 
        To solve the Boundary Value 
Problem in Eq. (5.1.1) by applying 
RK4 Method, we can rewrite the 
eight-order boundary value problem 
as a system of eight first order 
differential equations. By using 
algorithm presented above for RK4 
method, we can get the solution of 
Eq. (5.1.1). 
        Solutions of the three methods 
are presented in Table (1), while 
errors are summarized in Table (2).  
Figure (1) presents solutions of 
problem in Example (1) by the 
different methods. Figure (2) shows 
the comparison between absolute 
errors of methods for solving the 
problem in Example (1).  
5.2 Example 2 Consider the 
following eight-order linear 
boundary value problem [1]: 

10)(88

)8(

<<+−= xxyxxe
dx

yd

                                              (5.2.1)    
Subject to the boundary conditions 

5)0(,3)0(,1)0(,1)0( )()(// −=−=−== viiv yyyy
  

ey
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6)1(
,4)1(,2)1(,0)1(
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)(//

−=

−=−==

                                            (5.2.2) 
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The exact solution is given by  
xexxy )1()( −=                   (5.2.3) 

         This problem was studied by 
[1] by applying Variational iteration 
decomposition method (VIDM).  
5.2.1Differential Transformation 
Method  
     By applying the Differential 
Transformation Method using 
theorems 3.1, 3.2, 3.4, and 3.5 to Eq. 
(5.2.1) the recurrence relation can be 
evaluated as follows: 

]
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kkY δ

               
                             (5.2.4) 

The boundary conditions in 
Eq.(5.2.2) can be transformed at 

00 =x  as: 
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(5.2.10) 
         For N=12 and by using the 
recurrence relations in Eq. (5.2.4) 
and the transformed boundary 

conditions in Eqs. (5.2.7) to (5.2.10), 
the following set of equations 
obtained: 
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Solving Eq. (5.2.11) then: 
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                                          (5.2.12)  
5.2.2 Homotopy Perturbation 
Method   
         To solve the BVPs in Eq. 
(5.2.1) by applying the Homotopy 
Perturbation Method, we can rewrite 
the eight-order boundary value 
problem as a system of eight 
differential equations: 
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 )()( xa
dx

xdy
=  ,      )()( xb

dx
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)()( xe
dx
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                                          (5.2.13) 

)()( xz
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)(8)( xyxxe
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This can be written as a system of 
integral equations: 

dttaxy
x

).(1)(
0∫+=                  

dttbAxa
x

).()(
0∫+=  

 dttexb
x

).(1)(
0∫+−=                 

dttfBxe
x

).()(
0∫+=  

dttgxf
x

).(3)(
0∫+−=                  

dtthCxg
x

).()(
0∫+=                                

                                          (5.2.14) 

dttzxh
x

).(5)(
0∫+−=                 

dttytteDxz
x

)](8[)(
0

+−+= ∫                       
Using (4.4) and (4.6) for (5.2.14) we 
have: 
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                                            (5.2.15)  
Comparing the coefficient of like 
powers of p, we have 
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Adding all the terms, (5.2.16) 
gives:
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                                 (5.2.17) 
 
Using the boundary conditions at 
x=1, then lead to the following 
system of equations: 
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(5.2.18) 

The solution of (5.1.18) gives 

00036.6,99994.3
,0000065.2,0
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−==
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                                     (5.2.19) 
The solution is given as:   
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                                        (5.2.20)  
5.2.3 Rung Kutta Method   RK4 

        To solve the Boundary Value 
Problem in Eq. (5.2.1) by applying 
RK4 Method, we can rewrite the 
eight-order boundary value problem 
as a system of eight first 
order differential equations. By using 
algorithm presented above  

for RK4 method, we can get the 
solution of Eq. (5.2.1). 
        Solutions of the different 
methods are presented in Table 
(3),while errors are summarized in 
Table (4). Figure (3) presents 
solutions of problem in Example (2) 
by the different methods. Figure (4) 
shows the comparison between 
absolute errors of methods for 
solving the problem in Example (2). 
Conclusions  
In this paper, three numerical 
methods DTM, HPM, and RK4 were 
applied for finding the solution of 
eight-order two-point nonlinear and 
linear boundary value problems. It 
may be concluded that the 
differential transformation method 
shows an effective tool in finding the 
numerical solutions to linear 
boundary value problems. 
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             Table (1)  Solutions of the problem in Example (1). 

X Exact  
Solution 

DTM  
Solution 

HPM 
 solution 

RK4 
solution 

 

0.1 1.105171 1.105041 1.105041 1.10517
1 

 

0.2 1.221403 1.221144 1.221144 1.22140
3 

 

0.3 1.349859 1.349472 1.349474 1.34985
8 

 

0.4 1.491825 1.491312 1.491317 1.49182
4 

 

0.5 1.648721 1.648084 1.648094 1.64872
1 

 

0.6 1.822119 1.821357 1.821376 1.82211
8 

 

0.7 2.013753 2.012867 2.012898 2.01375
2 

 

0.8 2.225541 2.224528 2.224577 2.22553
9 

 

0.9 2.459603 2.458457 2.458533 2.45960
1 

 

1.0 2.718282  2.716993 2.717106 2.71828  
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         Table (2)  Errors of the three numerical methods of Example (1). 
X  DTM    

Error 
HPM  
Error  

RK4 
 Error 

 
 

 

0.1 1.299381E-04 1.298189E-
04 

1.192093
E-07 

  

0.2 2.589226E-04 2.583265E-
04 

2.384186
E-07 

  

0.3 3.867149E-04 3.848076E-
04 

4.768372
E-07 

  

0.4 5.128384E-04 5.079508E-
04 

5.960464
E-07 

  

0.5 6.372929E-04 6.273985E-
04 

7.152557
E-07 

  

0.6 7.613897E-04 7.431507E-
04 

1.072884
E-06 

  

0.7 8.857251E-04 8.549691E-
04 

1.192093
E-06 

  

0.8 1.013279E-03 9.641647E-
04 

1.66893E
-06 

  

0.9 1.146078E-03 1.070738E-
03 

1.907349
E-06 

  

1.0 1.289129E-03  1.176357E-
03 

2.384186
E-06 

  

 
             Table (3) Solutions of the problem in Example (2) 

X Exact  
Solution 

DTM  
Solution 

HPM 
 Solution 

RK4 
solution 

 

0.1 0.9946538 0.994653
8 

0.9946538 0.99465
42 

 

0.2 0.9771222 0.977122
2 

0.9771222 0.97712
3 

 

0.3 0.9449012 0.944901
2 

0.9449012 0.94490
25 

 

0.4 0.8950948 0.895094
8 

0.8950948 0.89509
69 

 

0.5 0.8243606 0.824360
6 

0.8243606 0.82436
41 

 

0.6 0.7288475 0.728847
5 

0.7288475 0.72885
45 

 

0.7 0.6041257 0.604125
7 

0.6041257 0.60414
2 

 

0.8 0.4451081 0.445108
1 

0.4451081 0.44514
73 

 

0.9 0.2459601 0.245960
1 

0.2459602 0.24605
24 

 

1.0 0.9946538 0.994653
8 

0.9946538 0.99465
42 
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        Table (4) Errors of the three numerical methods of Example (2) 

X DTM 
Error 

HP
M 
Erro
r 

RK4 
Error 

 
 

 

0.1 1.6E-10 1.0E-
9 

3.576279E-7   

0.2 2.4E-10 1.3E-
9 

7.748604E-7   

0.3 1.0E-9 1.6E-
9 

1.311302E-6   

0.4 1.1E-9 1.7E-
9 

2.086163E-6   

0.5 1.3E-9 1.8E-
9 

3.516674E-6   

0.6 1.7E-9 2.3E-
9 

6.973743E-6   

0.7 1.8E-9 2.1E-
8 

1.621246E-5   

0.8 2.3E-9 5.9E-
8 

3.921986E-5   

0.9 1.5E-8 9.8E-
8 

9.231269E-5   

 
 

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
x

1.00

1.20

1.40

1.60

1.80

2.00

2.20

2.40

2.60

2.80

 y
(x

)

Example 1

Exact

DTM

HPM

RK4

 
      Figure (1) Solutions of problem in Example (1) 
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Figure (2) Errors for methods of Example (1) 
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       Figure (3) Solutions of problem in Example (2) 
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                 Figure (4) Errors for methods of Example (2) 
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