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Abstr act

Computing the volume of a polytope in R" is a very important subject in
different areas of mathematic. A pplications range from the very pure (number
theory, toric Hilbert functions, Kostant's partition function in representation theory)
to the most applied (cryptography, integer programming, contingency tables).

In this work, the cyclic polytopes with some methods for finding their
volumes are given.

Moreover, the Ehrhart polynomial of cyclic polytope is computed with some
methods. One of these methods is modified and gives a theorem for computing the
coefficients of the Ehrhart polynomials.
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1-Introduction

One of the most easily
accessible combinatorials among the
d-dimensional  polytopes with n
vertices is a cyclic polytope. The
Ehrhart polynomial of a cyclic
polytope was given by [1] as
conjecture, which gave a simple
formula of the Ehrhart polynomial of

an integral cyclic polytope. Fu Liu
[2] proved the conjecture about the

coefficients of the Erhart polynomial
of acyclic polytope.

In this paper, some properties of the
cyclic polytope are presented, and a
theorem for computing the Ehrhart
polynomial of a cyclic polytope
Acomparison between the
coefficients which are obtained by
the given theorem and the other
which were founded using another
method are made, same results are
obtained.
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2-The Cyclic Palytope

In this section some definitions
concerning the cyclic polytope are
given.
Definition 2.1: [3]

The moment curve in R%is

definedby m:R® R, where

&t 0
¢ 2z
m (t) = th 1 R ¢
G :
Et° 5
Definition (2.2): [3]
The cyclic polytope of

dimension d with n vertices is the
convex hull

Cy(t,t,,...,t,) =conv{m(t,), m(t,),...,m(t,)}
of distinct points M(t;) where n>d,
with t,<t,<...<t, on the moment
curve.

Note the cyclic polytope is
sometimes denoted by C,(n), where

n is the number of vertices and d is
the dimension of cyclic polytope.

For example the cyclic
polytope C,(4) is the convex hull of
the vertices (-4,16), (-2,4), (1,1) and
(4,16) asillustratesin figure (2.1).
3-Properties of a Cyclic Palytope
Theorem (3.1): [4]

For n>2 and d3 2, the cyclic
polytope
C4(n) =conv{m(t,),....m(t,)},
isasimplicial d-polytope.
Proof:

The proof that every facet of
Cy(n)has exactly d vertices is

needed. Since their facets are d-1
dimensional polytopes, this mean

2625

that all the facets are simplices. This
is done by showing that there is no
hyperplane, that contains d+ 1 points
on the moment curve.

Let v®,.., v pe the
of C,(n),

are distinct vertices

d+1 vertices since

v® v
of C,(n), then t,;,...,t,4,, areexists

such  thatv? =m(t;),  where

i,j=1..,d+1. In particular, if v{
denote the k" coordinate of v,
then v{¥ =t, where k =1,...,d.
From the definition  of
a hyperplane which is a set
{ &y X )T R G +C X, +..4C X, =0
for some fixed numbers
Cy,-.sCq, N0t all  zero, therefore
a hyperplane contains v if

) () =
C,tc Vv’ +..+cyvy’ =0... (31)

To find a hyperplane
containing alv®, the numbers
C,,C;,...,C, Satisfying equation (3.1)
for al v must be found. Recall
that v{) =t
therefore, the problem is to find
a nonzero solution to the system of
linear equations which is given by:

Cp +City +C,th L+ Cdtidl =0
Co +Cit, +Cot +L+Cdtidz =0
M W =0

2 d _
CO +Cltid+l +C2tid+l + L+ Cdtid+l _O
his means that

t
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6l L 10 Theorem (3.2), [McMullen's upper
gtil L tidﬂg bound theorem], [7]:
[Cocl"cd]gizl L ti2d+18:[0'"0-|" (32) Let f.(P) denote the number
all g of i-faces of a d-polytope P with n
Aidl L tidd+lE| vertices then,
f.(P) £f,(C,(n)), "i=1..d-1

The matrix T is (d+1)" (d+1)
square matrix, then by [5. p.49] the

determinant of this matrix is nonzero, The number of i-faces of a

and it's equal to cyclic polytope C,(n)can be given
as, [8].

gL 1o f(Cy(m) =

glil L tid+1[j ~
detéi L tij-l—llj: Gtik_tij)' Y(d-1/2 _imod L

é 01 1s 1472 adm- Joadtl O

S g PR i a =g 7 % dodd

gd L l:I : j=0 ng"'l?ﬂg""l' lg

i1 oL IgzLam' jOéQ 6 e
This mean that, the only solution of tio " ng Egi +1- g
the equation (3.2 is
C, =C, =..=¢C4 =0, therefore
there is no hyperplane contains all For example,
: @) (d+1)
d+1 vetices VvY,..,V of P A i f
C,(n), so no facet of C,(n) have
d+1 vertices, therefore C,(n) is Cs(lo) 10145 100 | 105 |42
simplicial. C_(20) [20 [ 190|580 |680 |272
Definition (3.1): [6] C (30) | 30 | 435 | 1460 | 1755 | 702
Let f,(P) be the number

of i-faces of a d-polytope P, for 4-The Ehrhart polynomial of

i =01,...,d- 1. The face vector a Cyclic Polytope
associated ~ with  a  d-polytope The Ehrhart polynomial  of
IS defined as a cyclic polytope count the number
fF(P) = (fo (P), f1(P) 4.1 (P)) of lattice points in a dilation of
where n=f,(P) is the number of a cyclic polytope by positive integer
vertices of  d-polytope. t'is equal to its volume plus the
number of lattice points in its lower
envelope, [9].
2626
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The following theorem appears
in [2] without proof. Here, we prove
it for the sake of completeness.
Theorem (4.1): [2]

For
polytope
C,(T)whereT ={t,,t,,...,t } for

t.=12,..,n,andi=1...,n.

any integral  cyclic

L(Cy(M).t") =volt'C, (M) +L(Cq,(T).1)..47)
Hence,

L(Cy(T).t') =& vol (t'C,(T) = & Vol , (C, (Mt

where vol, (t'C, (T))is the volume
of t'C (T)in k-dimensional space,
and vol ,(t'C,(T)) =1.
Proof:

By using a recurrence relation
on equation (4.1) the following result

is obtained,
L(Cy,(T), 1) =vol(t'Cy 1 (T)) +L(Cy ,(T), 1),

And

L(Cy,(T),t)) =vol (t'Cy ,(T)) +L(Cy 5(T),t).

Then similarly, we get

LG/M)=Avolt G,Mm)=Avol G ("
Theor emk:E4.2): 2] -

For any integral set T with
n=|T|=d+1which mean that

C,(n) issimplex, then

2627

vol(t'C,(T)) = ¥ O -1).42)

* 1fipjEd+l

From the above theorems we
get the following theorem.

Theorem (4.3):

For any cyclic polytope
C4(T)whereT ={t,,t,,...,t } for
t.=12,...,n,
and i =1,...,n. we get the following:

(i) If C,(T) isnot simplex, one can
decomposed it into simplices, then
using equation (4.2) to compute its
volume,

(i) In one dimensional space the
volume  of cyclic polytope
(t'C,(T))in the interval [t,,t ] is
equalto t, - t.

Ehrhart
Polynomial of Cyclic Polytope
Example (5.1):

Let us consider the cyclic
polytopeC,(T), where d=2 and
T={1,2,3}, The convex hull of the
vertices (1,1), (2,4) and (3,9) is a
triangle, as illustrates in figure (5.1),
[10].

The area of P is equal to the
area of two triangles, which is
computed using usual mathematical
operation as

D, =(0.5)(5.1662)(0.3)

=0.8493.

5  Examples about
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D, = (0.5)(3.0805)(0.3)
= 0.46207.

Therefore the area of them is

D=D, +D,
= 0.8493 +0.46207 =1.31137.

From theorem (4.1) we get
2
L(C,(T,t) =g vol, (C, (1,2,3)t’~.

k=0
since C,(1,2,3) is simplex, then by
using theorem (4.2), yields
1 =, .
vol, (C,(123) =2 O (- 1)
1£I£E3
1
25(2- D3- DH(3- 2
=1
and using theorem  (4.3)(ii),
vol,(C,(1,2,3))is just an interval
[1,3], so vol,(C,(1,2,3)) =3-1=2
The Ehrhart

Cz (1,2,3) is

polynomial  of

L(C,(1,2,3),t") =t?+2t +1.
Example (5.2):

In this example we compute
the Ehrhart polynomial of
C,(1,2,34) as illustrates in figure
(5.2), [10]. by theorem (4.1) we get

L(C,(T). 1) =& vol, (C, (1234t

k=0

k
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since C;(1234)is simplex, then

using theorem (4.2) the following is
obtained

vol,(C,0234) == O (- )

IEiEjE4

=%[(2- )@-)E@- 9@-1@- 2@- 3]
=2

To computevol,(C,(1,2,3,4)),
since C,(1,2,34)is not simplex,
then by wusing theorem (4.3)(i),
C,(1,2,3,4) can be decomposed into
simplices C,(1,2,3) andC,(1,3,4)

Then,
vol(C, (4,2,34)) = vol,(C,(1,2,3)) +val,(C,(1,34))

=%[(2- 1@ DE- 9+(3-D@- D(4- 3]

=4

and using theorem (4.3) (ii),
vol,(C,(3,2,34))is just an interval
[1,4], isequal to 4- 1=3.

The Ehrhart
C3(L2,3,4) is

L(C,(L,2,34),t") =2t +4t7 +3t" +1.

polynomial  of

Now for n=5 with the same
dimension, the Ehrhart polynomial of

C,(T)when T={1,2,34,5}as
illustrated in figure (5.3), [10], Was
computed by using theorem (4.1), as
follow,

3
L(C,(T),t') =§ vol (C,(1,2345)t™.
k=0
Since C,(5) is not simplex,
then by using theorem (4.3)(i), can be

PDF created with pdfFactory Pro trial version www.pdffactory.com



http://www.pdffactory.com
http://www.pdffactory.com

. & Tech. Journal ,Vol.27, No.14,2009

Ehrhart Polynomials of a cyclic polytopes

decomposed it into  simplices
C,(L235) andC,(1,34,5).

Then,

vol (C,(1,2,3/4,5)) = vol,(C,(L,2,35)) +
vol ,(C,(13,4,5))

= 212+ D@E- D@E- A(5- (- 2)
5-3)+B-4-14- 3
(5- 1(5- 3(5- 4]

=16.

To computevol,(C,(1,2,34,5)),
since C,(1,2,34,5) is not simplex,

then using theorem (4.3)(i), can be
decomposed into simplices which

areC,(1,2,3),C,(1,3,4) and
CZ (:L415) '

Then,

vol(C, (1,2,3,4,5)) = val ,(C,(1L2,3)) +
val,(C,(1,3,4)) +val , (C, (L4,5))

:%[(2- DE-D(B- 2+(3-DH(4-1
(4-3)+(4- H(5- H(5- 9]

=10

and using theorem  (4.3)(ii),

vol,(C,(1,2,34,5))is just an interval

[1,5], whichisequal to 5- 1=4.

Therefore, the Ehrahart
polynomial of C,(1,2,3,4,5) is

Ehrhart polynomial that is given in
[9]. The same coefficient of the
Ehrhart polynomial is obtained.

6-Conclousions

In this paper, a theorem that
can compute the volume of any
cyclic polytope of dimension two and
three with any vertices was proposed
depending on the graph of the shape.
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Figure (2.1) cyclic polytopein R?; convex hull of verticesis shaded
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Figure (5.1) cyclic polytopeC, (3)

Figure (5.2) cyclic polytopeC,(4).

Figure (5.3) cyclic polytopeC,(5) .
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