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ABSTRACT 
   The paper investigates fuzzy transportations problem with the aid of 

trapezoidal fuzzy numbers. For finding the initial solution of this problem we have 
preferred the  fuzzy least costs method and ranking method, also the optimal 
solution by using fuzzy multipliers method has been carried out. A new relevant 
numerical example was also included. 

الحل األمثل لمسائل النقل الضبابیة أیجاد  

 الخالصة
. رف الض بابیة في ھذه الدراسة فأننا بحثنا في مسائل النقل الضبابیة بمساعدة اع داد ش بھ المنح      

" یض اأ ,لھذه المسألة فقد فضلنا طریقة اقل الكلف الضبابیة وطریق ة الترتی ب  ألیجاد الحل االبتدائي
 ص لة كم ا ادرج مث ال ع ددي جدی د ذو.وجدنا الحل األمث ل بأس تخدام طریق ة المض اعفات الض بابیة 

. بالموضوع

INTRODUCTION  
he basic transportation problem was originally stated by HitchCock [8]
and later discussed in detail by Koopman [12]. An earlier approach was
given by Kantrovich [11].The linear programming formulation and the
associated systematic method for solution were first given by Dantzig [6] 
then after 1960’s Bellman and Zadeh [3] proposed the concept of decision 

making in fuzzy environment. Lai and Hwang [13] others considered the 
situation where all parameters are fuzzy. The task of distributor’s decision 
optimization can be reformulated as the generalation of classical transportation 
problem.      

 Conventional transportation problem is the special type of linear programming 
problem where special mathematical structure of restrictions is used. In classical 
approach, transportation costs from M wholesalers to the N consumers are 
minimized. In 1979, Isermann [10] introduced algorithm for solving this problem 
which provides effective solutions. The Ringuest and Rinks [14] proposed two 
iterative algorithms for solving linear, multi criteria transportation problem.    

Similar solution interval and fuzzy coefficients had been elaborated. The further 
development of this approach introduced in work [10]. In works by S.Chanas and 
D.Kuchta [5] the approach based on interval and fuzzy coefficients had been 
elaborated The further development of this approach introduced in work [13].In 
this work, the fuzzy transportation problems using trapezoidal fuzzy numbers are 
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discussed, we have found the initial solution of fuzzy transportation problem by 
using fuzzy least costs method and ranking method, then the optimal solution by 
using fuzzy multipliers method. 

BASIC DEFINITIONS 
Here, we briefly give some fundamental definitions that will be needed later. 

Definition [15]:- A real fuzzy number a~ is a fuzzy subset of the real number R with 
membership function μa~ satisfying the following conditions. 
 (1)  μa

~ is continuous from R to the closed interval [0, 1]. 
(2)  μa

~ is strictly increasing and continuous on [a1, a2]. 
(3) μa

~ is strictly decreasing and continuous on [a3, a4] where a1, a2, a3 & a4 are real 
numbers, and the fuzzy number denoted by a~ = [a1, a2, a3, a4] is called a trapezoidal 
fuzzy number. 

Definition [2]:- The fuzzy number a = [a1, a2, a3, a4] is a trapezoidal number, denoted 
by

(x - a1) / (a2 - a1)      ,    a1 ≤ x ≤ a2 
….. (1 - 1) 
μa(x)(=)  1  ,    a2 ≤ x ≤ a3 

,   a3 ≤ x ≤ a4   (x – a4) 
/(a3 – a4)  

0 ,  otherwise 

  [a1, a2, a3, a4] its membership function μa is given below the figure. 

Figure (1) Membership function of a fuzzy number a~. 

Definition [15]:- (i) Fuzzy feasible solution: Any set of fuzzy non negative allocations 
Xij > [-2∂,-1∂,1∂,2∂] where ∂is small +ve number, which satisfies the row and 
column sum is a fuzzy feasible solution. 
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 (ii) Fuzzy basic feasible solution: A feasible solution is a fuzzy basic feasible solution 

if the number of non negative allocation is at most (m + n - 1) where m is the number 
of rows and n is the number of columns in a transportation table. 

 
(iii) Fuzzy non degenerate basic feasible solution: Any fuzzy feasible solution to a 

transportation problem containing (m) origins and (n) destinations is said to be 
fuzzy non degenerate, if it contains exactly (m + n - 1) occupied cells.  

(iv) Fuzzy degenerate basic feasible solution: If a fuzzy basic feasible solution 
contains less than (m + n - 1) non negative allocations, it is said to be degenerate. 
 
ARITHMETIC OPERATIONS [15] 

Let a~ = [a1, a2, a3, a4] and b~= [b1, b2, b3, b4] two trapezoidal fuzzy numbers then the 
arithmetic operations on a~ and b~ 

As follows:-  
             Addition: a~+b~=(a1 +b1,a2 +b2 ,a3 +b3 ,a4 +b4) ……(1-2) 
 
    Subtraction: a~-b~=(a1 −b4 , a2 −b3 , a3 −b2 , a4 –b1) ……(1-3) 

   
  

Multiplication: a~ •b~   =(a1/4 (b1+b2+b3+b4), a2/4(b1+b2+b3+b4), a3/4(b1+b2+b3+b4), 
a4/4(b1+b2+b3+b4))…. (1-4) 

 
Ranking method 

    In this section we shall introduce ranking method [1, 4] for trapezoidal fuzzy 
numbers that will be needed for later work.   

     For any trapezoidal fuzzy number a~
= (a1,a2,a3,a4) , we define:-      

 a = am -1/2h a    a= am +1/2h a   , where   am= a2+a3/2  and  h a= a1/a1+a4  , h a = a4/ a1+a4   
… (2-1) 

    Now assume that a~ = (a1, a2, a3, a4) , b~ =(b1, b2 ,b3, b4) be two trapezoidal fuzzy 
numbers. 

   Let        
              R (a~, b~) = a-                                                   ………  (2-2) 

R (a~, b~) = a- b 
  Where   a, a, b, b are defined in (2-1). 

 
Lemma 
    Assume that a~ = (a1,a2,a3,a4) , b~ =(b1,b2,b3,b4) be two trapezoidal fuzzy numbers. 

Then, we have 
R (a~, b~)= - R (b~, a~) 
R (a~, b~)= - R (b~, a~) 

Proof: 
     It is straightforward from (2-2). 

Definition 
Assume that  a~ = (a1,a2,a3,a4) , b~ =(b1,b2,b3,b4) be two trapezoidal fuzzy numbers  
and R (b~ , a~)≥0 . Define the relations ≈ and    as given below:   
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i)  a~ ≈ b~ if and only if  R(a~,b~)= R(a~,b~). 
 
ii)  a~  b~  if and only if  R(a~,b~)   R(a~,b~). 

 
Remark  
We denote  a~   b~ if and only if   a~ ≈ b~ or a~   b~. Then a~   b~ if and only if 
R(a~,b~)≥ R(a~,b~).  
Also a~   b~ if and only if  b~   a~ . 
We let 0~ = (0,0,0,0) as a zero trapezoidal fuzzy numbers. Thus any a~ such that a~ 

≈ 0~, is a zero too. 
   Remark::-The fuzzy trapezoidal number[-2∂,-1∂,1∂,2∂]≈[0,0,0,0]. 
 
   Fuzzy Transportation problem[9,15] 
    Consider a transportation with m fuzzy origins (rows) and n fuzzy destinations 
(columns). Let Cij =[cij

(1), cij
(2), cij

(3), cij
(4)]  

  be the cost of transporting one unit of the product from ith fuzzy origin to jth fuzzy 
destination. ai = [ai(1), ai(2), ai(3), ai(4)

  ] 

 
  be the quantity of commodity available at fuzzy origin i , bj= [bj(1), bj(2), bj(3), bj(4)] 
the quantity of commodity needed at  
 
    fuzzy destination j. Xij = [xij

(1), xij
(2), xij

(3), xij
(4)] is quantity transported from ith 

fuzzy origin to jth fuzzy destination. 
   
   The above fuzzy transportation problem can be stated in the below tabular form.  
 
 

 1 2 …... n Fuzzy 
capaci
ty 

1 C11 
X11 

C12…... 
X12….. 

C1n 
X1n 

a1 

2 
: 

C21 
: 

C22…... 
: X22

C2n 
: 

a2 
: 

m Cm1 
Xm1 

Cm2….. 
Xm2….. 

Cmn 
Xmn 

am 

fuzzy 
dema
nd 

b1 b2...... bn   m             

n 
Σai=Σ
bj 
i=1             

j=1 

 
Where Cij =[cij

(1), cij
(2), cij

(3), cij
(4)], ai = [ai(1), ai(2), ai(3), ai(4)

  ] , bj= [bj(1), bj(2), bj(3), bj(4)
 ] 

, Xij = [xij
(1), xij

(2), xij
(3), xij

(4)] 
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    The linear programming model representing the fuzzy transportation is given by:                 
                       
  Minimize     Z=∑∑ [cij

(1), cij
(2), cij

(3), cij
(4)] [xij

(1), xij
(2), xij

(3), xij
(4)] 

                         
  Subject to the constraints 
            ∑[xij

(1), xij
(2), xij

(3), xij
(4)]= [ai(1), ai(2), ai(3), ai(4)

  ] 
                                               for  i = 1,2,…,m (Row sum) 
 ∑[xij

(1), xij
(2), xij

(3), xij
(4)] = [bj(1), bj(2), bj(3), bj(4)

 ]                   ……….( 3-1) 
                                       for  j = 1,2,…,n (Column sum) 

      [xij
(1), xij

(2), xij
(3), xij

(4)]≥0  
  
The given fuzzy transportation problem is said to be balanced if   
         

∑  [ai(1), ai(2), ai(3), ai(4)
  ]= ∑[bj(1), bj(2), bj(3), bj(4)

 ] 
 
  i.e., if the total fuzzy capacity is equal to the total fuzzy demand. 

 
SOLUTION OF A FUZZY TRANSPORTATION PROBLEM  
  The solution of a fuzzy transportation problem can be solved two stages, namely 
initial solution and optimal solution. In this section we find the initial solution by 
using fuzzy least cost method and ranking method, also we have found the optimal 
solution by using fuzzy multipliers method. 
 
FUZZY LEAST COST METHOD  
    The procedure is as follows. Assign as much as possible to the variable with the 
smallest fuzzy unit cost in the entire tableau. Where we choose the smallest fuzzy 
cost by using ranking method. Cross out the satisfied row or column (As in the 
north west-corner method [7] if both a column and a row are satisfied 
simultaneously, only one may be crossed out.). After adjusting the supply and 
demand for all uncrossed –out rows and columns .repeat the process by assigning 
as much as much as possible to the variable with smallest uncrossed –out unit cost. 
The procedure is complete when exactly one row or one column is left uncrossed –
out. 
  
FUZZY MULTIPLIERS METHOD  
  This method is used for finding the optimal basic feasible solution in fuzzy 
environment and the procedure is as follows:- 

 
Step (1):- Find  out a set of numbers [ui(1), ui(2), ui(3), ui(4)

 ] and [vj(1), vj(2), vj(3), 
vj(4)

 ] for each fuzzy basic solution [xij
(1),  xij

(2), xij
(3), xij

(4)] such that  :- 
 [ui(1), ui(2), ui(3), ui(4)

 ]+ [vj(1), vj(2), vj(3), vj(4)
 ]= [cij

(1), cij
(2), cij

(3), cij
(4)]…..(3-2).  

These equations yield (m+n-1) equations (because there are only (m+n-1) fuzzy 
basic variables in (m+n) unknowns),  
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 Step (2):- Find the values of the multipliers in equation (3-2) by assuming an 
arbitrary value for only one of the multipliers  (usually [u1(1), u1(2), u1(3), u1(4)

 ] is 
set equal to [0,0,0,0] ) and then solving the (m+n-1) equations in the remaining 
(m+n-1)  unknown multipliers.  

 
basic fuzzy ] of each non (4)

pqc, (3)
pqc, (2)

pqc, (1)
pqcdetermine the value [ -:Step (3)

]  such that (4)
pqx, (3)

pqx, (2)
pqx, (1)

pqxvariable[  
, (1)[vq -] (4), up(3), up(2), up(1)[up-] (4)

pq, c(3)
pq, c(2)

pq, c(1)
pq]= [c(4)

pqc, (3)
pqc, (2)

pqc, (1)
pqc[

vq(2), vq(3), vq(4)
 ] …..(3-3). 

 
2) are positive that is to -] of eq(3(4)

pqc, (3)
pqc, (2)

pqc, (1)
pqcif all values of [ -:)Step (4 
]>[0,0,0,0]  (4)

pqc ,(3)
pqc, (2)

pqc, (1)
pqcsay ([  

 
    Then the initial fuzzy basic feasible solution [xij

(1),  xij
(2), xij

(3), xij
(4)] is optimal, 

where i=1,…,m , j=1,..,n . If not there   exists a non basic variable 
 -] such that :(4)

pqx, (3)
pqx, (2)

pqx, (1)
pqx[  

  
 [cpq

(1), cpq
(2), cpq

(3), cpq
(4)]=min { [cpq

(1), cpq
(2), cpq

(3), cpq
(4)]<[0,0,0,0]},and [xpq

(1), xpq
(2), 

xpq
(3), xpq

(4)],    is made a basic variable to improve the value of [z(1), z(2), z (3), z(4)
 ] , 

Such that we construct a closed loop for the current entering variable [xpq
(1), xpq

(2), 
xpq

(3), xpq
(4)] in the cell that contain this value, The loop starts and ends at the 

designate non basic variable. It consists of successive horizontal and vertical 
segments (assign + and – alternately ) whose end points must be fuzzy basic 
variables , except for the end points that are associated with the entering variable 
.this means that every corner element of the loop must be a cell containing a fuzzy 
basic variable. 

 
] where the leaving (4)

ij, x(3)
ij, x(2)

ij,  x(1)
ijdetermine the leaving variable [x -:)Step (4

variable is selected from among the  
Corner variables of the loop which have the smallest allocation value, where we 
subtract and add this value to each corner.  

 
  Step (5):- find the value of   [z(1), z(2), z (3), z(4)

 ] at  the new fuzzy basic variables  
[xij

(1),  xij
(2), xij

(3), xij
(4)], where i=1,…,m , j=1,..,n. 

 
NUMERICAL EXAMPLE  
   To solve the following fuzzy transportation problem starting with the fuzzy initial 
fuzzy basic feasible solution obtained by fuzzy least cost method whose fuzzy cost 
and fuzzy requirement table is given below:- 
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                                                  Table (3-1) 
 

 FD1 FD2 FD3 FD4 Fuzzy 
capacity 

FS1 [0,2,4,8] [1,2,4,9] [0,2,4,8] [0,3,4,5] [0,2,4,6] 

FS2 [4,8,12,16] [4,7,9,12] [2,4,6,8] [1,3,5,7] [2,4,9,13] 

FS3 [[0,0,0,0] [4,8,10,15] [2,4,6,8] [0,5,7,9] [2,4,6,8] 

Fuzzy 
demand 

[1,3,5,7] [1,2,4,6] [1,3,5,7] [1,2,5,7] [4,10,19,27] 

 
   
  Since ∑ai  =∑bj =[4,10,19,27]=[4,10,19,27],The problem is balanced fuzzy 
transportation problem. There exists a fuzzy initial basic feasible solution. 
 

Table (3-2) 
 FD1 FD2 FD3 FD4 Fuzzy 

capacity 
FS1 [0,2,4,8] [1,2,4,9] [0,2,4,8] 

 
[0,3,4,5] 
[0,2,4,6] 

[0,2,4,6] 

FS2 [4,8,12,16] [4,7,9,12] 
[-12,-4,8,17] 

[2,4,6,8] 
[1,3,5,7] 

[1,3,5,7] 
[-5,-2,3,7] 

[2,4,9,13] 

FS3  [0,0,0,0] 
[1,3,5,7] 

[4,8,10,15] 
[-5,-1,3,7] 

[2,4,6,8] [0,5,7,9] [2,4,6,8] 

Fuzzy 
demand 

[1,3,5,7] [-5,-1,7,12] [1,3,5,7] [1,2,5,7] [4,10,19,27] 

   
  Note :- " by definition( 2.1)  [ -5,-1,7,12]≈[1,2,4,6]"  
 Since the number of occupied cell having m + n – 1 = 6 and are also independent, 
there exist a non degenerate fuzzy basic feasible solution.  
Therefore, the initial fuzzy transportation minimum cost is, 

 
[z(1), z(2), z (3), z(4)

 ]= [c14
(1), c14

(2), c14
(3), c14

(4)][ x14
(1), x14

(2), x14
(3), x14

(4)]+[ c22
(1), c22

(2), 
c22

(3), c22
(4)][ x22

(1), x22
(2), x22

(3), x22
(4)]+[ c23

(1), c23
(2), c23

(3), c23
(4)][ x23

(1), x23
(2), x23

(3), 
x23

(4)]+[ c24
(1), c24

(2), c24
(3), c24

(4)][ x24
(1), x24

(2), x24
(3), x24

(4)]+ [c31
(1), c31

(2), c31
(3), c31

(4)][ 
x31

(1), x31
(2), x31

(3), x31
(4)]+ [c32

(1), c32
(2), c32

(3), c32
(4)][ x32

(1), x32
(2), x32

(3), x32
(4)] 

[z(1), z(2), z (3), z(4)
 ]= [0,3,4,5] [0,2,4,6]+ [4,7,9,12] [-12,-4,8,17]+ [2,4,6,8] [1,3,5,7]+ 

[1,3,5,7] [-5,-2,3,7]+ [0,0,0,0] [1,3,5,7]+ [4,8,10,15] [-5,-1,3,7]      
[z(1), z(2), z (3), z(4)

 ]=[21.75,51,70,94.25]                           ……………….(*) 
 
      Now we find the optimal solution by using fuzzy multipliers method. First we 
determine a set number  [ui(1), ui(2), ui(3), ui(4)

 ] and [vj(1), vj(2), vj(3), vj(4)
 ] for each 

fuzzy basic solution [xij
(1), xij

(2), xij
(3), xij

(4)] such that  :- 
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[ui(1), ui(2), ui(3), ui(4)
 ]+ [vj(1), vj(2), vj(3), vj(4)

 ]= [cij
(1), cij

(2), cij
(3), cij

(4)]. 
 
Then from table (3-2) we have:-  

[x14
(1), x14

(2), x14
(3), x14

(4)]: [u1(1), u1(2), u1(3), u1(4)
 ]+ [v4(1), v4(2), v4(3), v4(4)

 ]= [c14
(1), 

c14
(2), c14

(3), c14
(4)]= [0,3,4,5] 

[x22
(1), x22

(2), x22
(3), x22

(4)]: [u2(1), u2(2), u2(3), u2(4)
 ]+ [v2(1), v2(2), v2(3), v2(4)

 ]= [c22
(1), 

c22
(2), c22

(3), c22
(4)]= [4,7,9,12] 

[x23
(1), x23

(2), x23
(3), x23

(4)]: [u2(1), u2(2), u2(3), u2(4)
 ]+ [v3(1), v3(2), v3(3), v3(4)

 ]= [c23
(1), 

c23
(2), c23

(3), c23
(4)]= [2,4,6,8] 

[x31
(1), x31

 (2), x31
 (3), x31

 (4)]: [u3(1), u3 (2), u3 (3), u3 (4)
 ]+ [v1(1), v1 (2), v1 (3), v1 (4)

 ]= [c31
 

(1), c31
 (2), c31

 (3), c31
 (4)]= [0,0,0,0] 

[x32
(1), x32

 (2), x32
 (3), x32

 (4)]: [u3(1), u3 (2), u3 (3), u3 (4)
 ]+ [v2

 (1), v2 (2), v2 (3), v2(4)
 ]= [c32

 

(1), c32
 (2), c32

 (3), c32
 (4)]= [4,8,10,15] 

Now suppose [u1(1), u1(2), u1(3), u1(4)
 ]= [0,0,0,0],then we have :- 

[u2(1), u2(2), u2(3), u2(4)
 ]=[-4,-1,2,7], [u3(1), u3 (2), u3 (3), u3 (4)

 ]=[-12,-2,5,18], [v1(1), 
v1 (2), v1 (3), v1 (4)

 ]=[-18,-5,2,12], 
[v2

 (1), v2 (2), v2 (3), v2(4)
 ]=[-3,5,10,16], [v3(1), v3(2), v3(3), v3(4)

 ]=[-5,2,7,12], [v4(1), 
v4(2), v4(3), v4(4)

 ]=[0,3,4,5]. 
 
The  next step we find  = [cpq

(1), cpq
(2), cpq

(3), cpq
(4)] -[up(1), up(2), up(3), up(4)

 ]- [vq(1), 
vq(2), vq(3), vq(4)

 ] 
 
Therefore we have:-  
[c12

(1), c12
(2), c12

(3), c12
(4)]=[-15,-8,9,12]. 

[c13
(1), c13

(2), c13
(3), c13

(4)]=[-12,-5,2,13]. 
[c21

(1), c21
(2), c21

(3), c21
(4)]=[-15,4,15,38]. 

[c33
(1), c33

(2), c33
(3), c33

(4)]=[-28,-8,6,25]. 
[c34

(1), c34
(2), c34

(3), c34
(4)]=[-23,-4,6,21]. 

 
     Since [x33

(1), x33
 (2), x33

 (3), x33
 (4)] has the most negative [cpq

(1), cpq
(2), cpq

(3), cpq
(4)],it 

selected as the entering variable, the Process is summarized by plus (+) and minus (-) 
signs in the appropriate corners in table (3-2), and[x32

(1), x32
 (2), x32

(3), x32
(4)] is 

selected as the leaving variable, therefore the final result is given in table (3-3).  
 

Table (3-3) 
 

 FD1 FD2 FD3 FD4 Fuzzy 
capacity 

FS1 [0,2,4,8] [1,2,4,9] [0,2,4,8] 
 

[0,3,4,5] 
[0,2,4,6] 

[0,2,4,6] 

FS2 [4,8,12,16] [4,7,9,12] 
[-5,-1,7,12] 

[2,4,6,8] 
[-6,0,6,12] 

[1,3,5,7] 
[-5,-2,3,7] 

[2,4,9,13] 

FS3  [0,0,0,0] 
[1,3,5,7] 

[4,8,10,15] 
 

[2,4,6,8] 
[-5,-1,3,7] 

[0,5,7,9] [2,4,6,8] 

Fuzzy 
demand 

[1,3,5,7] [-5,-1,7,12] [1,3,5,7] [1,2,5,7] [4,10,19,27] 
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Hence, the optimal fuzzy transportation minimum cost is:- 
[z(1), z(2), z (3), z(4)

 ]=[21.75,48,69,91.25]……………….(**) 
 

  
CONCLUSIONS 
   In this paper we have obtained an optimal solution for a fuzzy transportation 
problem with trapezoidal membership function, where the initial solution obtained 
by using fuzzy least cost method and ranking method. And the optimal solution 
obtained by using fuzzy multipliers method. 
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