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ABSTRACT 
     This research presents the theoretical model, simulation and experimental 

verification of the maximum stepover estimation for different cases on the machine 

surface profile using the end-filleted cutter in multi-axis machining. Where in this 

research, the equations that detect the maximum stepover at allowable scallop height 

value have been taking into consideration and derived to predict the tool path 

generation for different inclination angles of tool axis. A set of inclination angles of 

cutter tool axis that can machine the workpiece have been taken into consideration 

depending on the shape of the workpiece. The inclination angle of the tool axis, 

effective cutter radius, and the geometrical shape of the workpiece have been studied 

and experimentally verified for milling operation. The results show that the proposed 

model for estimating stepover at constant scallop height can predict the tool path 

generation for machining sculpture surfaces using CNC multi-axis machine. 

 

Keywords: Step over, Tool path generation, Multi axis CNC milling. 

 

 لانزاوية الميتماد عـلى ـدة بالاععار الــد مسالخطوة لتولي يمةحساب ق
 الخلاصة

في هذا البحث تم  بام م ديل مي ض  ومي يمدمي دح ضم ة إوم فج إلما إامضام الا امح ال د مي لح م ح   
لحم ت  دخت ةمج فمي ح لمج ا متخلا  مملة اطما نذا  الاه  مج  أم ا دقلاض لق دج الخطية التي تتحضضه  ال لة

امتدم ل ياتمتق ا الد م لت  الة دمج  الد تل ضة( لد ضامج اطما دت مللة الدحم يضث ح مث تم  فمي همذا البحمث
لح مم ح ام مما ا دممج ل خطممية التممي تتحضضهمم  ال مملة ماممل ا دممج اتضتةمم ا التدممياي الد ممدي  بهمم ث ضممذل  

ضمذل  تم   ا تخلد  هذه الد  لت  ل تابؤ بتحل ل أفوي د  ض ل  لة مال ام   دخت ةمج ل اي مج دم ةع ال ملة 
او فج الأخذ باظض اتمتب ض تحل ل أفوي  اي ج د ةع ل  لة ب تمتد ل م ا  طح القط ج الدضال تتغ  ه ث 

ت  لضا ج تأث ض ب ض الدتغ ضا  م ا ا دج الخطية التي تتحضضه  ال لة دثي  اي ج د ةع ال ملةث  الا ذل 
 ً  لقل أظهض  الاتم ج  دمع خمةي اصف القطض الة  ي ل  لة يالتضي الهال ي ل قط ج الدتغ ج اظض  ً يمد  

الاديذج الدقتض  لح  ح ا دج الخطية التي تتحضضه  ال لة مامل ا دمج اضتةم ا تدمياي ث بتمج إدض ا مج التابمؤ 
بتحل ل الد  ض الذي تتحضضه ال لة مال تتغ ي اتتض ي الدخت ةج ل  طي  ب  تخلا  دضم جع المتحض  الضادمي 

 دت للة الدح يض 
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List of Symbols: 
 

RC1 The radii of the equivalent cutters at CC1.  

RC2 The radii of the equivalent cutters at CC2. 

Ra Effective radius of the curvature for the profile of the workpiece. 

CC Shortcut of cutter contact.  

CL Shortcut of cutter location. 

h The scallop height. 

R  The cutter radius. 

1R  The radial distance of the cutter bottom. 

2R  The cutter corner radius. 

λ The lead angle of the cutter relative to the local coordinate system. 

1c  The angle between 
11CCOc

 and IOc1 . 

2c  The angle between 
22CCOc

 and IOc2 . 

1a  The angle between 
1CCOa

  and IOa . 

2a  The angle between 
2CCOa

 and IOa . 

 
INTRODUCTION 

he multi-axis machines add a flexibility of surface production, thus many 

different tool path planning and positioning methods are presented to improve 

the quality and to reduce the machining time at the same time. The existing 

CAM systems are unable to select cutters automatically for complex mould machining. 

Generally, the cutter is selected by a user according to his experience. As the shapes of 

the moulds surfaces become more and more complex, several cutters may be needed to 

machine a mould to improve the machining efficiency, and it is difficult for the user to 

select an optimal set of cutters to machine a complex mould. 

Many researchers have studied the cutter selection problem [1,2 & 3],which 

selected cutters based on the geometry constrains. Two cutters were usually selected to 

machine the part. With their approaches, the smaller cutter size was first chosen as 

equal to the workpiece’s smallest corner radius. The larger one was then chosen such 

that the unmachined area that remained after its use could be removed by the smaller 

cutter with one pass along the boundary of the finishing cutter. Since only geometric 

constrains were taken into account in the above researches, the number of selected 

cutters was restricted to one or two for each operation. The selected cutters might not 

be the optimal ones. To solve this problem, some researchers selected cutters based on 

the generated tool paths [4,5,6 & 7]. 

Another researchers have developed a concept of machining surface to get a 

continuous representation of the tool path to improve the machined surface quality [8 

& 9]. They adopted in their research the case the intersection between two successive 

T 
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motion of end-filleted cutter of the first cutter arc position that intersect with the arc of 

the second cutter position to detect the value of step over at constant scallop height 

value to generate tool path. 

In this work, the mathematical model that estimate the maximum value of stepover 

at allowable scallop height value using end-filleted cutter in different types of 

intersection between two successive motion of the tools will be driven. The tool path 

generation for different inclination angles of tool axis, and a set of inclination angles of 

cutter tool axis that can machine the workpiece will be studied depending on the shape 

of the workpiece, where the workpiece surface curvature at cutting contact point will 

be taken into consideration in calculating the cutter location. It will produce wider tool 

path interval and smaller and more uniform scallops, so machining time is thus reduced 

dramatically. 

  
DEFINING THE INCLINATION ANGLE OF THE TOOL AXIS 

From Figure (1a and 1b), it can be noticed that there are two different directions of 

tool axis cutter. Where, Figure (1a) represents the cutting direction using multi-axis 

CNC milling machine which the tool axis is normal on the workpiece surface at each 

points of cutter contact, and the cutting will be occur by the head of cutting tool. While 

in Figure (1b) the tool axis is incline on the machining surface at each cutter contact 

points by an angle which is named lead angle (  ) (lead angle is the angle that 

restricted between tool axis and Z-axis in the X-Z plane),  and the cutting will be occur 

at the edge of the cutting tool.  
So, from Figure (1 a, b) it can be noticed that the stepover will be changed according to 

the magnitude of inclination tool’s angle, and it must be derived the equations that 

estimate the stepover for each case ( normal and incline) so as to calculate the total 

length of the tool path. 

 
STEPOVER WHEN THE TOOL IS NORMAL ON THE MACHINING 

SURFACE 

The equation that estimates the magnitude of stepover when the tool axis is normal 

on the machining surface was derived in details in reference.[10]  

Where, from Figure (2). the final equation of step over can be written as: 

 

12211 2)sin()sin( RRRS CcCc                                   …  (1) 

 

Where: 

                                       S= Stepover. 

1cR , 2cR = Effective tool cutter radius. 

Where 1cR  & 2cR  can be calculate according to equation bellow:[11]  

 

2
1

)sin(
R

R
Rc 


                                                           …   (2) 
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Since (R1)  are the radial distance of the cutter bottom and (R2)  the cutter corner radius. 

So to calculate the value of stepover the magnitude of the angle ( ci ) must be detected 

first, as follows: 

 

)(cos)cos(
1

11

1

1

1
1

c

c
C

c

c
C

R

hR

R

hR 



                      …  (3) 

 

)(cos)cos(
2

21

2

2

2
2

c

c
C

c

c
C

R

hR

R

hR 



                    … (4) 

                                     

 

CALCULATING THE STEPOVER WHEN THE TOOL IS INCLINED 

 ON THE MACHINING SURFACE 

The equations that will be derived in this research to detect the value of the stepover 

must be divide into two parts, the first one is for plane surface, and the second is for 

sculpture surface. As follows: 

 Plane surface (Flat surface): 

     When the tool is incline on the surface machining, the magnitude of stepover will 

be changed according to the value of lead angle ( ), and before derive the equations 

that calculate stepover, it must be first detect the place of intersection of two 

consequent points for two sequential motion of the end-filleted cutter, and this mean 

the intersection of two sequential motion must be divided into three cases: 

a. The intersection between two successive motions occurred when the arc of the 

first cutter position intersect with the arc of the second cutter position. 

Figure(3a). 

b. The intersection between two successive motions occurred when the arc of the 

first cutter position intersect with the line of the second cutter position. 

Figure(3b). 

c. The intersection between two successive motions occurred when the line of the 

first cutter position intersect with the line of the second cutter position. 

Figure(3c). 

   

      From Figures (3 a, b & c), it can be noticed that the case of Figure (3a) usually 

occurred when the value of lead angle ( ) is small, and the case of Figure (3c) 

occurred when the value of lead angle ( ) is big. While the case of Figure (3b) 

occurred when the value of lead angle ( ) is middle, taking into consideration the 

value of allowable scallop height and the dimension of the cutter geometry. 

a. Generating stepover through the intersection of two arcs 

     For the intersection of two arcs it can be divide the derivation into two parts: 

First: when the intersection occurred at the second arc of the first cutter position to the 

second arc of the second cutter position in side view as shown in Figure (4). 

       Actually, this case occur when the magnitude of scallop height is very small, and 

the end-filleted cutter will behave as a ball cutter with radius equal to (R2). Then the 
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value of stepover can be calculated like the same procedure when the tool axis normal 

on the machining surface from equation (1 to 4) except a difference in stepover 

equation that is not include the value of (R1) as follows: 

 

)sin()sin( 2211 CcCc RRS                                       …  (5) 

 

Second: when the intersection occurred at the second arc of the first cutter position to 

the first arc of the second cutter position in side view as shown in Figure (5). 

       In this case the equation of stepover can be derived as follow: 

 

cbaS                                                              …  (6) 

 

           
)sin( 11 ccRa                                                                     … (7) 

Where 21 RRc  ,   1c  can be obtained from equation (3). 

 

      
)sin( 22 ccRb                                                                   …  (8) 

 

Where 22 RRc   

)(cos
2

1

2

c

c
R

hd 
   

And )sin(2)sin(2 1212  RRRRd c    

 

)cos(2 1 Rc                                                     … (9) 

 
b. Generating stepover through the intersection of arc and line: 

From the Figure (6a) the value ( 2cR ) is not equal to (R2 ), and the equation of stepover 

can be derived as follows: 

  

cbaS                                                          … (10) 

 

      
)sin( 11 ccRa                                           … (11) 

 

Where 21 RRc  ,   1c  can be obtained from equation (3). 

 

        
)sin(2 Rb                                            … (12) 

 

       
)tan(/ jc                                            … (13) 
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To find the value of ( j ), it must be first find the value of (d ) and (e) from Figure 

(6b), as follows: 

)cos(2 Rd   

 dRe  2  

Then  ehj   

c. Generating the stepover through the intersection of two lines 

From the Figure (7 a & b) the values ( 1cR ) and ( 2cR ) are not equal to (R2), and the 

equation of stepover can be derived as follows: 

 

2211 abbaS                                                   … (14) 

 

      
)sin( 111 ccRa                                            … (15) 

 

Where   1c  (from Figure 7a). 

 

      
)cos(1 cb                                                 …(16) 

 

To find the value of (c) from Figure (7a) as follows:   

 coscos 2111 RRd cc   

And dRdRe c  211  

Then 1ehc   

                                                                                                                                                                                           

     
)sin( 222 ccRa                                       … (17) 

 

Where   2c  (from Figure 7b). 

 

     
)cos(2 cb                                              … (18) 

 

To find the value of (c) from Figure (7b) as follows:   

 coscos 2222 RRd cc   

And dRdRe c  222  

Then 2ehc   
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Since the maximum allowable scallop height is specified as hmax, i.e. h = hmax. 

Finally, the maximum allowable path interval which is guaranteed that the scallop 

height is controlled under hmax can be obtained. It can be found that the maximum 

allowable path interval is derived as a function of the maximum allowable scallop 

height (h), and the radius of the equivalent end-filleted cutter ( 1cR and 2cR ), and then it 

can be detect which lead angle and then stepover can give us a minimum machining 

time in best surface finish for the plane surfaces. 

 

 Sculpture surface 

Simply, any surface include concave and convex form called sculpture surface, and 

the complexity of the sculpture surface depend on the number of concave and convex 

shapes that contained in this surface. 

Where, in the present research the equations that calculate the magnitude of 

stepover for concave and convex mode will be derived, and it must be taken into 

consideration that the derived equation deal with shapes having radius ( radius of 

curvature for concave and convex shape), and this mean that just case (a) that was 

mentioned previously can be applied, cause this case dealt with the arc of the end-

filleted cutter (first and second arcs). So it can be make relation between these arc ( 1cR

and 2cR ) and radius of the curvature ( aR ) of the surface machining as shown in Figure 

(8). 

Otherwise, if the case (b and c) applied at concave and convex surface, that mean 

gouge and chordal deviation will be occur on the machining surface, which they 

restrict between the curve of the workpiece and the line of the cutter that was 

mentioned in case (b and c) previously. 

So, the equation of stepover can for concave and convex form can be derived as 

follow: 

 

CONCAVE FORM  

From Figure (9), the equation of the stepover can be written as follows: 

 

)
2

sin(2 21 aa
aRS

 
                                                  … (19) 

 

    hRRRRRIO aciciciaicicia 
22

))cos(()()sin(    … (20) 

 

So from the equation (20), the value of ( 1C ) and ( 2C ) can be obtained as follows: 

 

11
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1

2

1
1

)(2
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)cos(
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c

RRR

hRRRR




                …(21) 
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And  

22

22

2

2

2
1

)(2

)()(
)cos(
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acac
c

RRR

hRRRR




                    … (22) 

 

So from equations (21) and (22) respectively and from the Figure of concave form, the 

value of angle ( a ) can be calculated as bellow: 













 

)(

))cos((
cos 1111

1
hR

RRR

a

ccca
a


                            … (23) 

 

And 













 
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))cos((
cos 2221

2
hR

RRR

a

ccca
a


                        … (24) 

 

 
CONVEX FORM 

From Figure(10), the equation of the stepover can be written as follows: 

 

)
2

sin(2 21 aa
aRS

 
  

    hRRRRRIO aciciciaicicia 
22

)cos((()sin(  … (25) 

 

 

So from the equation (25) , the value of ( 1C ) and ( 2C ) can be obtained as follows: 
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2

2

2
1

)(2

)()(
)cos(
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c

RRR

hRRRR




             … (27) 

 

From equations (26) and (27) respectively and from the Figure of convex form, the 

value of angle ( a ) can be calculated as follow: 
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

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




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







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))cos((
cos 2221
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RRR

a
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
                       … (29) 

 

Since the maximum allowable scallop height is specified as hmax, i.e. h = hmax, 

the values of ( 1a ) and ( 2a ) can be obtained from equations (23, 24, 28 and 29), 

respectively.  

So, substituting ( 1a ) and ( 2a ) into equation (19), the maximum allowable path 

interval which is guaranteed that the scallop height is controlled under hmax can be 

obtained. It can be found that the maximum allowable path interval is derived as a 

function of the maximum allowable scallop height (h), and the radius of surface 

curvature ( aR ), and the radius of the equivalent tours cutter ( 1cR and 2cR ).  

During the machining, the maximum allowable scallop height remains constant, but 

the radius of surface curvature ( aR ), and the radii of the equivalent tours cutter ( 1cR

and 2cR ) are changing along the tool paths and depending on the magnitude of lead 

angle ( ) that was changed in the present work into five value  [  4530,15,0 and ]. 

Finally, it can be detect which lead angle and stepover can give us a minimum 

machining time in best surface finish for the sculpture surfaces. 

 
SIMULATION AND EXPERIMENTAL WORK 

In the present work Matlab program was used so as to estimate the required 

parameters and the flow chart will explain the steps of the program that was built up, as 

shown in Figure(11): 

Also, UGS program have been utilized in the present research so as to simulate the 

process of machining before make the experimental work, where Figures (12, 13, 14 

and 15) shown some pictures that explained the simulation processes occurred using 

UGS program for machining in multi-axis. 

Where, parallel tool path have been selected to generate a clear and measurable 

surface profile which is suitable to get an accurate measurement for the values of 

scallop height and step over by using the electronic microscope. Also, The simple 

trimmed surfaces have been used in present work to facilitate the process of measuring 

step over and make the comparison between experimental results with the theoretical 

results of the proposed mathematical model. 

Multi-axis CNC machine have been utilized to implement the experimental work in 

the present research using end-filleted cutter (R1=1mm , R2=2mm), in CAD/CAM 

laboratory / mechanical department in Nanjing University for Aeronautics and 

Astronautics in China. And Figure (16 a, b and c) shows the specimens that 

implemented in the experimental work. 
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CONCLUSIONS 

The mathematical model and experimental work can be displayed in curve form as 

shown in Figures (17 and 18). Where this research presents the theoretical model, 

simulation and experimental verification of the maximum  stepover estimation at 

allowable scallop height value for different cases on the machine surface profile using 

the end-filleted cutter. Inclination angle of the tool axis, effective cutter radius, 

different geometrical shape of the workpiece, have been studied and experimentally 

verified, and the analysis result matched the experimental result very well.  

It can be conclude that the present model for estimating stepover at constant scallop 

height will be useful to predict the tool path generation for machining different shapes 

using multi-axis machine. Also, changing angle of the tool axis (  ) in a specific value 

will be lead to decrease the machining time and cost of machining, and to avoid 

gouging or interface between the tool axis and the surface of the work piece. The 

developed mathematical model to generate the tool path at different lead angle can be 

used to estimate the maximum value of stepover at constant scallop height. 
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Figure (1) (a) the cutting direction normal on the workpiece. 

(b) tool axis is incline on the machining surface by lead angle. 
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Figure(2) The stepover when the tool axis is 

normal on the machining surface.[8] 
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(a) (b) (c) 

Figure (3 a, b & c). The types of intersection between two successive motion of end-filleted cutter. 

Figure (4) The intersection at the second arc of the first 

cutter position to the second arc of the second cutter 

position. 

Figure (5) The intersection at the second arc of the first 

cutter position to the first arc of the second cutter position. 
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Figure (6) The intersection between two successive motion occurred when the 

arc of the first cutter position intersect with the line of the second cutter 

position. 

(a) (b) 

Figure (7 a &b). The intersection between two successive motion  

(from cc1 to cc2 ) when the line of the first cutter position intersect 

 with the line of the second cutter position. 

 

(a) (b) 
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Figure (8) Concave and convex form in side view. 

Figure (9) the connection between the cutter and the machining surface on 

concave form in top view. 

 

Figure(10) The connection between the cutter and the machining surface on 

convex form in top view. 
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Figure(11) Flowchart shownn the steps of the 

program that was built in the present research. 

End 

Plot the relation  

and save the data of the 

surfaces to open it in 

UGS program 
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lead angle  
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Calculate stepover Calculate radius of 

curvature 
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Figure (12 a, b and c). The simulation processes using UGS software for the plane, 

concave and convex surface respectively. 

(a) (b) (c) 

(a) (b) (c) (d) 
Figure (13 a, b, c and d). The tool path generation of multi-axis CNC milling operation 

For [
 30,15,0  and 

45 ] respectively for the plane surface.  

Figure (14 a, b, c and d). The tool path generation of multi-axis CNC milling operation 

For [
 30,15,0  and 

45 ] respectively for the concave surface.  

(a) (b) (c) (d) 

Figure (15 a, b, c and d). The tool path generation of multi-axis CNC milling operation 

For [
 30,15,0  and 

45 ] respectively for the convex surface.  

(a) (b) (c) (d) 
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Figure (16 a ,b and c): Explain the specimens that have been implemented in 

CAD/CAM laboratory at Nanjing University of Aeronautics  and Astronautics 

in China for twelve specimens and the test was divided into three division 

related to the shape of the specimen profile, as follow: 

 Shape of the specimens profile =3 ( flat, concave, convex) 

 Lead angle = 0  for three type of specimens. 

 Lead angle = 15  for three type of specimens. 

 Lead angle =
30  for three type of specimens. 

 Lead angle =
45  for three type of specimens. 

(a) Flat surface. 

(b) Concave surface. 

(c) Convex surface. 

45° 30° 15° 
0° 

45° 30° 15° 0° 

45° 30° 15° 0° 
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Figure (17). The comparison in results between the theoretical and 

experimental data relative to the relation between stepover and lead angle. 

Figure (18). The relation that have been concluded between the step over and 

radius of curvature of the workpiece relative to lead angle ( ). 
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